Moiré Patterns
A Workshop for Y8/9 Children

Introduction

This work is designed for a Royal Institution ‘masterclass’ occupying a whole
morning (2 x an hour and a quarter). In school it will therefore take at least two
double periods.

The children work in pairs. Following the session each child has access to the
Geometer’s Sketchpad (GSP) files marked p1, p2, p3, ...via the Magic Mathworks
dropbox so that they can repeat for themselves the experiments demonstrated.

The experiments include those but also experiments with apparatus. These are of
two kinds: demonstrations by the teacher with the large pieces, and experiments
performed by each pair of children with the small ones. The experiments are
numbered E1, E2, E3, ...

The text in plain type is addressed to the children; the text in italics to you, the
presenter.

Moiré patterns

E1: Each pair of children has a pair of A4 card frames containing sheets of artificial
silk. Invite them to slide one across the other. Tell them the patterns of light and
dark bands are called Moiré patterns, and that the textile made by compressing the
two layers into one is called Moiré silk.

E2: Tell the children that real silk is made from the cocoons of the larval stage of a
caterpillar, the ‘silk worm’. What they have in their frames is a polymer (‘polyester’,
PET). In both cases, however, the material is woven. Invite a volunteer to continue
for a couple of rows the simple weave begun in the demonstration apparatus:



Tell the children that weaving has certainly been done for the past 9,000 years,
possibly 26,000 - what may be the imprint of a woven textile has been found at an
0ld Stone Age (Palaeolithic) site in the Czech Republic.

Point out that the effect is to create a grid of small squares.

The key concept

A cycle is a pattern which repeats at equal intervals of space or time. A phase is a
particular stage in a cycle. Two different cycles at the same stage are in phase; at
opposite stages, in antiphase; otherwise, out of phase. The cycles are in phase at
equal intervals and out of phase at symmetrical points between. The 5 examples
combined in the chart which follows are first presented individually. Use the above
terms in the discussio of E3 to E9.

E3: 2 volunteers, a ‘parent’ and a ‘child’, follow these ‘footprints in the snow’:



E4: Count slowly from 0, having instructed the left side of the class, the ‘blue’ side,
to say ‘Ding’ on a multiple of 3; and the right side of the class, the ‘red’ side, to say
‘Dong’ on a multiple of 4.

E5: Starting with the black lines aligned, turn the meshing wheels until the black
lines are aligned once more:






E6: Repeat the experiment, projecting the animation [p 1]:

Drag the point X round its circle, or click on
the Animate button to make the wheels
turn.



E7: Start both pendulums swinging together from their extreme left hand
positions. Suggest that the children watch first one, then the other

9 units

16 units







E8: Project this annotated photo:

Tell the children that the black lines are zero and that the green
wave is the sum of the blue and red. Use the ‘white’ cases to show
how that sum is obtained, and ask for the ‘yellow’ totals.

E9: Project this summary chart:



1. Footprints:

2. Multiples:

3. Gears:

4. Pendulums:

5. Waves:

Use a metre rule to pick out vertical alignments. Point out the symmetry axis
running down the centre. Bring out the following points in discussion:

On the left and on the right the cycles are in phase:

1. Parent and child put their left feet down at once.

2. On the number lines we land on common multiples.
3. The lines on the gears both point upwards.

4. The pendulums are parallel.

5. The wave peaks coincide.

In the middle the cycles are in antiphase:

1. The child puts a left foot down; the parent, a right.

2. We land on a number in the 3 times table which is the mean of two numbers in

the 4 times table.
3. The line on the smaller gear points upwards; on the larger, downwards.
4. The shorter pendulum is in its left-most position; the longer, its right-most.



5. The crest of the shorter wave coincides with a trough of the longer.

“Phase differences are important throughout technology. It is the phase differences
between satellite signals which tell your GPS device how far you’ve moved and in
what direction.”

A low-tech example, invented by the Chinese in the 9t century and re-invented by
the Frenchman Pierre Vernier in the 17, is the gauge named after him:

E10: Use the demonstration model:

Begin with the jaws closed. Ask the children what they notice about the blue and
red scales. [10 units on the blue equal 9 on the red.]

Insert the test object. Ask the children what they think its diameter is in tenths of a
red unit and why.

[7. The blue scale starts with a lead of 7 tenths, but, on each repeat of a blue unit, it
loses 1 tenth to the red. By the time 7 blue units are completed, the blue scale has
come into line with the red.]

Point out that Epson printers use the same principle in their alignment check.

How phase differences produce Moiré patterns

The important diagram for our purpose is 5 because it shows the effect of
combining the two cycles. In phase, the resulting wave has the greatest height; in
antiphase, the least. This height may represent an electrical voltage, the loudness of
a sound, the height of the tide, ..., but, for us, it represents the closeness of fit when
two tilings are overlaid. If the individual shapes are white with a black outline, the
combined picture will be white where the fit is perfect (the tilings are in phase);
black where the fit is worst (the tilings are in antiphase).

The length of the blue wave is 3 units; that of the red wave, 4; that of the resultant
wave (green), the lowest common multiple of 3 and 4 (12).

Examples

Give the children the necessary GSP commands at each stage so that they can
repeat the experiments later.

We start with a 1-dimensional pattern (a frieze) [p 2]:

E11: Select a point in the middle of the line, go to Edit, choose ‘Select all’, go to
Transform, choose ‘Dilate’ and in the pop-up window write ‘1.8’ in the box above



the ‘2’, thus enlarging the row 0.9 and superposing it on the original row. Show [p
2aj:

Point out the points where the two strips are in phase and where they are in
antiphase.

We move to 2 dimensions [p 3]:

E12: What will be the result of giving GSP the same instruction as in the 1-
dimensional case?
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[Instead of light and dark strips, we now see light and dark patches which preserve
the symmetry of the original tiling.]

E13: What will be the effect of changing the scale factor to a number closer to 1?
Enter 1.9 in place of 1.8.
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[The patches are bigger.] We shall perform further experiments to investigate
why.

How thick should we draw the lines of the grid to obtain the best effect?

E14: This work is optional.

We need the best possible contrast between the parts of the design which are in
phase, and those which are in antiphase, measured by the difference in the areal
fraction which is white (/black). The children should use squared paper to compare
trial cases. Explain that, in antiphase, the blackest part of the design sits over the
whitest (and vice versa). Draw an example on the board which the children can
vary. Here are some (rather surprising) results [p 4]. They show the superposition
of a ‘blue’ layer and a ‘red’ layer, (but ignore the difference in relative size which
results from shrinking the one relative to the other). The work is time-consuming
and should ideally be a homework bridging two sessions. This is possible in school
but not with the standard masterclass format.
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E15: In 2 dimensions we have an alternative to shrinking a copy: rotating it.
Here again is the square array, but this time we have rotated the overlaid copy
5°. The grids are printed on acetate sheets. Demonstrate on an OHP:

Both methods result in a progressively changing phase difference between the
original and the copy as you move across the pattern.



1.

Here we treat a hexagonal grid in the two ways [p 5

they should try

demonstrate the second option on an OHP.

4

the children must predict the outcome. Again

different scaling factors. Again
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Do you notice any differences between the first picture and the second? [In the
first, the patches are almost circular. From the symmetry of the transformation,
intuitively one might expect the reverse.]

E18: This work is optional.

We can determine the optimal thickness for the lines as we did for the square
grid [p 6]:
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which we shall treat in the

same way. What do you expect to happen? [The images will be similar to those for

the hexagons.]

P

Here we have a close packing of circles [p 7

E19




Here we take the tiling 4.8.8, having the symmetry of the square grid.

Demonstrate on an OHP.
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All we have done here is to draw lines from the origin whose gradients go in
equal steps of 0.01 from -0.2 to 0:

How does the Moiré pattern arise?

As you know, the screen is a grid of pixels, little squares which can be given two
basic attributes: colour and shade. Our instruction to the software here was just
to use black. With software of most types, since a line can only be shown as a
patch of squares, a near-horizontal line looks like the one on the right, one
inclined at 45° like the one in the middle, a near-vertical line like the one on the
left:

With The Geometer’s Sketchpad, the further the centre of a pixel from the true
line, the lighter the shading it receives:
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The darkest pixels pick out the true line; the lightest create fuzzy patches.

The children use the animation [p 8] to see the effect of changing the angle of a
line.

In the diagram we’ve coloured the lightest pixels red and drawn a series of
sloping lines like the ones in the picture exhibiting the Moiré pattern:



The blue dots mark the centres of fuzzy patches. (There would be many more on
the original picture.) They join up to form the white curves. On the vertical lines
above, the fuzzy patches are in phase. Since we gave the pixel blocks lengths of
12,8, 6,4, 2 & 1 unit, they come into phase every 24 units. Why? [24 is the lowest
common multiple of those numbers.]

Here is another example formed by lines of nearly the same gradient. The lines
radiating from the central point are 1° apart. With your original file [p 9] do
what I've done here, which is to enhance the effect by going to ‘Edit’ and clicking
on ‘Select all’. This instruction adds two copies in a different colour, offset by a
small amount, as shown in this screen photo :

Where to look for Moiré patterns

Recall that one way to make a Moiré pattern is to superimpose the same design
to different scales. This happens quite naturally when the two designs are at
different distances from you, for example when you look through one wire fence



1TS
at a parallel one. Here we rgclﬂ%l 4% effect by spacing@@dentical square
grids by means of books:

—1

The grid nearer to us, shown in side elevation by the blue line, subtends a bigger
angle than that further away, shown in red. This effect is called ‘parallax’.

E21: Here are two identical grids of large hexagons. [Exhibit]. Could I have two
volunteers to set distances and a third to make an observation?” [metre rules

provided|]

Now the prediction: How many ‘blue’ hexagons will the observer see overlying 7
‘red” hexagons? [The children make the experiment.]



[6 ] The key point is this: the smaller the relative difference between the two
numbers, the bigger and the further apart the hexagonal patches will be. Recall
our earlier experiments.

E22: You will use this principle again in the next experiment, using the desk
tidies, which I'll demonstrate with the large version [Exhibit]. You're going to
stand the white board behind, and view the tidy from distances of 25 cm, 50 cm
and 75 cm.

[Supply per pair: 1 tidy + 1 metre rule + 1 piece of white Foamex supported
vertically to provide a clear background].

Examine your tidy. Each wall is a grid of around 600 rhombuses. What will
happen to the number of Moiré rhombuses as you move the tidy away from you:
will it go up or will it go down? [Down: the respective numbers are roughly 30, 12
and 6.]






The effect is realised this way in a double fence. Next time you’re on the
motorway, look up at an overhead gantry just before you pass beneath it.

More familiar than a double fence is a pair of railings either side of a public
footpath crossing school grounds. This is a 1-dimensional example [p 10]
corresponding to our very first construction:

................................. o
Plan of pathway with
railings on each side.
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E24: The double fence gives a simple pattern. When the two layers are not

parallel, you get something more complicated. Look through this wire waste
paper basket [Exhibit]:



E25: Have a look through your lenses and you’ll see that the tea strainers we're
going to use next [issue same] consist of woven squares, like the silk,



but they are parts of spheres, so we can expect a more complicated Moiré
pattern.

E26: Can we say anything about what will happen when we nest one within the
other and rotate? [ Though the grid consists of squares, which would otherwise
have rotation symmetry of order 4, the weave reduces this to 2. We should
therefore expect the pattern to be the same in two positions half a turn apart.
Supply per pair one pair of tea strainers.]



When you get home, see what other designs you can make with the GSP files, and be
on the look-out for real examples to photograph. Send your pictures to me at
stephenson-mathcircus@t-online.de . These contact details have a file to themselves

in the Moiré folder.



