1.1 Circle symmetry problems

The following thirteen problems depend on particular aspects of circle symmetry.
Problem 11.1

The symmetry of the circle is nowhere more apparent than in the following little problem.

A ring is thrown on a floor a$quare tiles in such a way that the part covering ondl)lés(
equal in area to half the ringlow does the area t of the vertically opposite region (T),
depend on the magnitudes of the coordinates of the tile junction, (a, b)?
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The mirror symmetrpf the circle allows us to delimit the congruent regions on the right. Let
the regionQ have the areq, etc. We equate the red areas witlito the blue areas outside:
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Problem 1.1.2

Recalling that thepoint of contact of two circles lies on their line of centres, confirm that
both these triangles contain a right angle.



Problem 1.1.3

In the next problem we must find the radius of the green citdefirm that we can pick out
of the figure the triangle middle rightVe separate this into the upper and the lower one.
Apply the cosine rule in each. Elimindid -8rom the two equationgou obtain to leave.r
(You should get 6/7.)
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You may also use a formuladuetoDescaffes. t o t he Wi ki pedi a
theor emo.

entry



A symmetrical half of the black figure has been studied from ancient times and yields a lot of
interestinggeometfGo t o t he Wi kipedia entry O0Arbel oséd

Problem 1.1.4

In thethis next example, extract
three isosceles triangles, two
contained in the iind, to show that

As another consequence of the symmetry, any three circles, each touching the other two,
touch a fourth externally and internally:

Joining the centres of the three
black circles, we have a triangle.
This reminds us that the vertices
any triangle can be the centres of
circles touching in pairs. To
express this fact algebraically, if
the triangle side lengths aaeb, c
and the cirte radiie, f, g, we

have:
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And, solving these equations:

Problem 1.1.5

Here is another problem exploiting the same symn



The figure shows an infinite series of circlésid i 8 fd M8 . 6 touchesd K5 and the
line. i n h N M 1N Express intermsofi andi .Alsofindi h h interms
of p and g and comment on tipeneralsequence of denominators
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We have the right triangles picked out bel
lengths. We then equate the lilac length to the sum of the blue and the red.
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This generalises te= —— —, ori

We findi — i — i —— . The denominators are squares of

consecutive numbers in sequences of Fibonacci typdhose where each term is the sum of
the preceding two.



Go to the Wikipedia entry O6Ford circles6 for
Problem 1.1.6
This example illustrates most aspects of the

A Provethat -.

B Adding the essential lines to the figure gives us the two important isosceles triangles and
the perpendicular from the centre of the small circle. Chasing angles into the small right
triangle, we have — R i

C Completing thébig circle, we can construct the large red isosceles triangle, similar to the

small one irB. We identifyP othe point wherdQ cuts the horizontal diameter, wikh

The blue lines mark sides of big and small right isosceles triangles. We can ustneither
property that the angle at the centre is twi
segment 6 theofr&m, to deter mine

Marking the right angle at the top draws our attention to the facP@éisects this angle.

DlIncorporating the |Iilac quadrilateral into
becomes the diagonal of a square.



Problem 1.1.7

In this problem we can take advantage of the symmetric relation between the two circles.

A

Show that the lineegments AB and CD are of equal length he o6 eyebal | 6 t heor



The line of centres is a symmetry axis for the whole figure so we only need consider half.
We can make the symmetric relation between the two circles clear by giving them the same

orientaton:

)

Problem 1.1.8

dis the distance between the
circle centresR, r, arethe
circle radii,s,t arehalf the
lengths to be compared.

Because radii meet tangents
right angles, we have two
right triangles with equal
hypotenuses.

Within each, the smaller and
the larger are similar.

Write down equal ratios of
corresponding sides and thus
prove the claim.



Thefigure shows two unit circles in a square. Tangents to these extend from the upper
corners. The tangents and the upper edge circumscribe a third circle. What is its radius?

The diagram for this classic problem contains two equal pairs of tangenta fsromt and
therefore provides right triangles in which to use trigopnometry. The symmetry of the figure
means we need only use the part shaded.

Notice in the enlargement:
1) The blue triangle gives us,

2) — - .

Solve the green triangle for r
Generalise your result for an initial rectangle of the same width and height h
Problem 1.1.9

For this se&.3.1 Turning aC into aCO.

Problem 1.1.10
A problem of Ross Honsberger:

We have 4 like circles passing through the same pBimdw that the
quadrilateral circumscribing them is cyclic.



Problem 1.1.11

This requires you to bring tc

lengths.

You will immediately want to insert the circle centres.
Being equidistant from the intersection point, they are

concyclic. And therefa the quadrilateral joining them is
likewise cyclic.

When you join the centres in pairs, what can you say ab
the sides of this quadrilateral and the sides of the origin:
one?

Proceed from there.

Show that A, I, M are collinear.



Problem 1.112

10620 30 6atduarégord
We label the circles with the points where they touch a circumscribing circle.

Vertex?2 is the intersection of circleks 6 ,, 20

Vertex3is the intersection of circlek 6 | 306,

\e/tirtex4 is the intersection of circles 6 4 6 , By symmetryl is the reflection of @ the line
' 02.

Show thatl234567s a regular gon. By Thal es6 (@isagigheanylea

Thereforel 2 & @ straight line witl2 the
midpoint.

We can argue similarly for each vertex of
1234567

We thus end up with thast figure,

from which we see thdi234567

isan enlargementdf 6 2 6 36406566067

scale factor %2, cente / &l therefore also

a regular 7gon.
Though we have chosen the valt
n=7, the argument can be
exterded to any regular-gon.



