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Definition 
 

A figurate number is a shape consisting of an array of units which pack (circles, squares, hexagons, 

spheres, cubes) representing that particular class of number. For example, an equilateral triangle dissected 

out of a close packing of circles or a right isosceles triangle dissected out of a square grid denotes the 

general triangle number Ὕ ÒÅÐÒÅÓÅÎÔÉÎÇ ÔÈÅ ÅØÐÒÅÓÓÉÏÎ .  

 

The choice of shapes 
 

We use a dozen and a half of the many possible shapes. Our choice follows convention except in five 

cases: the twin trapezoid, the alternate hexagon, the Greek gnomon, the cuboctahedron and the 

icosahedron shell. The ὲ  s-sided polygon number, ὖȟ can be dissected as ί σὝ ὝȢ We have 

used ί σ, the triangle, Ὕ, and ί τȟ the square, Ὓȟ but not ί φȟ the hexagon number, Ὄ . First, by 

virtue of the identity σὝ Ὕ Ὕ ȟ it can be included with the triangle numbers. Second, Ὄ
Ὄ ὅὌ, so we can make no analogy with the centred squares and cubes.  

 

The shapes are of two kinds: single-parameter, e.g. Ὕ, and two-parameter, e.g. Ὕὶȟ. The latter include 

the former as a limiting case. In that example, a triangle is a trapezoid where one of the parallel sides 

vanishes. 

 

Notation 
 

We shall relate numbers using the ófigurate algebraô on the left below. We can always convert to the 

common algebra on the right.  

 

Figurate algebra     Conventional algebra 

 

1, the unit      1 

ὒ , the ὲ  line number    n 

Ὕ , the ὲ  triangle       

Ὓ the ὲ  square     ὲ 

ὕ , the ὲ  odd number                                             ςὲ ρ 
ὋὋȟ, a Greek gnomon    ά ὲ ά ὲ 

Ὕὶȟ, a trapezoid        

ὈὝὶȟ , a twin trapezoid    ά ὲ ά ὲ ὲ  

CὛȟ the ὲ  centred square     ςὲὲ ρ ρ 
ὅὌȟ the ὲ  centred hexagon    σὲὲ ρ ρ   

ὝὩὸȟ the ὲ  tetrahedron      

ὖώὶȟ the ὲ  pyramid      

ὕὧὸȟ the ὲ  octahedron      

ὅȟ the ὲ  cube     ὲ 

ὅὕȟ the ὲ  cuboctahedron     

ὅὅ, the ὲ  centred cube    ςὲ ρ ὲ ὲ ρ 

Ὅ, the ὲ  icosahedron shell    ρπὲ ς 
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We take Î ρ (or some other value according to context). For those shapes with central symmetry, the 

suffix 1 denotes the unit, thus 3 ρȟ etc., as is conventional. Unconventional is naming n a óline 

numberô and giving it the symbol ,ȟ which we do only for consistency. 

 

We use conventional algebra where the figurate form would be clumsy, e.g. óὝ ô, not óὝ ô, óὝ ô, 

not óὝ ô. Sometimes for concision we write ótriangleô for ótriangle numberô, etc. 

 

Housekeeping 

 

We observe dimensional consistency. When we write óὅ Ὓô, we understand that the óὛô is a square 
prism of unit height. When we write óὝὩὸ Ὕ ὝὩὸô, we understand that, again, the óὝô is a prism 

of unit height. An interesting example we shall meet is В Ὥ Ὕ . The sequence of cubes on the 

left has dimension 3 + 1 = 4. This convention accords with the rule that, with each descending diagonal 

on Pascalôs Triangle and those derived from it, the dimension increases by 1. The square of the triangle 

on the right has dimension ς = 4 also. It may be necessary to expand expressions to determine their 

dimension. For example, in [3.7] we meet Ὕ , that is,  

 , which has dimension 4. 

 In [3.8] we meet Ὕ Ὕ , that is, 

 Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ Ὓὒ,  

which has dimension 7.  

 

We are concerned throughout with the positive integers, the natural numbers. Hence all our equations are 

Diophantine. When we write óÁ Âô we assume a > b. We do not use double implication arrows when 

simply manipulating algebraic expressions. When that manipulation is routine, we leave it to the student 

to complete. 

     

Method 

 

We derive the identities of figurate algebra by examining shapes which result from combining smaller 

ones. The ideal procedure is: 

 

(A) Examine the shape O (B) Derive a figurate identity O  (C) Check by translating into common 

algebra  O(D) Use common algebra to see if the identity generalises further  O(E) If it does, try 

to represent the generalisation graphically. 

 

In only a few cases do we advance through all five stages. 

 

The fundamental relations 

 

Relations between figurate numbers can be of several kinds and involve one or more classes but the most 

productive are of two sorts: 

 

Ἡ ὖ ὖ ὗ .     Example: Ὕ Ὕ ὛȢ 
 

Two consecutive terms in a sequence generate a different shape of the same dimension. 

 

(b) ὖ Ὃ ὖ, or В Ὃ ὖ. Example: Ὓ ὕ Ὓ. 

 

A figure which, added to an existing figure, completes a similar one, is called a gnomon. 

The óGô figure is gnomon to the óPô figure.  The gnomon is one dimension less than the figure. 

(In the text, amongst other types defined, I distinguish this as the parent gnomon.) 
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In both (a) and (b) we add a pair of terms to complete the shape; in (b), this addition can be iterated. 

The gnomonic relation, (b), allows students to prove by induction the results we derive. 

Showing (a) as a solid horizontal arrow and (b) as a dotted vertical arrow, we have these relational grids. 

(The suffices here just label the general form.) 
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We show the relations above on Pascalôs Triangle and number arrays of the Pascal type derived from it. A 

solid arrow represents a transformation of one array into another by the following rule: two cells in the 

position shown at the tail of the arrow sum to one at the head of the arrow. In the example below, two 

tetrahedron numbers sum to a pyramid number. A dotted arrow represents the descent of a diagonal, 

whose sum appears in a cell below and to one side by virtue of the óChristmas stockingô theorem. In the 

example, the first three triangle numbers sum to the third tetrahedron number. 

 

 
 

 

Where applicable, we use this figure to head each chapter, shading in the diagonals which contain 

numbers of the types to be discussed and labelling them with the correct symbols. 

 

On occasion, we show how the numbers appear on the operation table for multiplication. 

 

In the course of our survey we meet some classic óproofs without wordsô. Perhaps these will encourage 

the reader to seek his or her own. 

 

 

The identities listed in this book fall in the section óInteger sumsô in the three books edited by Roger B. 

Nelsen: óProofs without Wordsô, óProofs without Words IIô, óProofs without Words IIIô. 

 

Though our main topic is the identities themselves, we also describe numerical properties where those 

illuminate a relationship. 
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                 Chapter 1 

 

       The Line, ╛▪ 
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The line, ὒȟ is a strip of length n and unit width. No addition of units creates a shape similar to the 

original, so we cannot find a gnomon to the line. We shall say instead that the unit completes the line, 

preserving an identity of the gnomonic type: 

 

 
   

         ╛▪ ╛▪Ȣ [1.1]  

 

Line numbers account for all positive integers, including necessarily all primes. 
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     Chapter 2 

 

The odd Number, ╞▪ 
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We represent the odd number, ὕ ςὲ ρ, as a symmetrical L-shape: 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This time 2 units complete the figure as shown, and we can write 

 

    ╞▪ ╞▪Ȣ [2.1} 

 

By virtue of the partition indicated by the dotted line, we can also 

write 

 

    ╛▪ ╛▪ ╞▪Ȣ [2.2] 
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      Chapter 3 

 

    The Triangle, ╣▪ 
 

 

 

 
 

 
(A) The triangle and shapes derived from it 

 

(a) The triangle 
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The formula for Ὕȟ ȟ is clear from this canonical figure: 

 

 
 

As the following, equivalent, representations show, we can characterise ὒ as gnomon to a triangle, 

giving the identity 

                     ╣▪ ╛▪ ╣▪. [3.1] 

                         

 
[3.1] serves for a whole series of identities we meet in the text of the form Ὕ ὢ Ὕ. 

 

(b) Trapezoids, ╣►□ȟ▪ 
 

The trapezoid Ὕὶȟ is a sum of consecutive integers. As such it can be characterised as the difference 

between the triangle number Ὕ  and the triangle number Ὕ, ά ὲ, ὲ π. 
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In the final part of this chapter we find triangle numbers which are differences between different pairs of 

triangles. For example, Ὕ Ὕ Ὕ Ὕὶȟ and also Ὕ Ὕ Ὕὶȟ . Therefore trapezoids, which 

include all triangles, do not necessarily represent a number in a unique way. Here are the last two figures: 

 

 
 

 

(c) Twin trapezoids, ╣╣►□ȟ▪ 
 

 
 

 

 

 

We have: 

 

Ὕ Ὕ  . 

 

The brackets are of opposite parity. When ὲ π we have 

the triangle. Since ά ρ, there will always be an odd 

factor, so, excepting ς ρȟ no triangle number can be a 

power of 2. 

More generally, this is true of all Ὕȟ when ά ρ (as it 

is often defined).  

 

When ά ὲ ρ, we have the line number, ὒ . 

 

The figure shows a twin trapezoid. It is a 

trapezoid combined with its reflection in the 

base line.  

 

(i) We can characterise it as shown in blue, as a 

square from which two equal triangles have 

been removed. 

 

(ii) Alternatively, we can characterise it as 

shown in green, as the square Ὓ ,  to which n 

copies of ὕ  have been added: 

 

ὝὝὶȟ  

Ὓ ςὝ Ὓ ὲὕ    
ά ὲ ά ὲ ὲ . 

 

We require ά ὲ ρ, ὲ π. When ὲ π, 
we have a square.  

 

Using characterisation (ii), we see that the 

values are given by ὸ Ὧςὸ ρ as t ranges 

over all integers > 1 and k ranges over all 

integers > 0. 
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On the following chart red squares denote numbers which are not twin trapezoids. Out of the first 60 

natural numbers, 31, just over half, are twin trapezoids. 

 

 

 
 

If we dissect the twin trapezoid into two trapezoids, one of which contains the centre line, we have the 

type (a) relation  

         ╣►□ ȟ▪ ╣►□ȟ▪ ╣╣►□ȟ▪   [3.2] 

 

As there may be different representations of a number as a trapezoid, there may be alternative 

representations as a twin trapezoid. Twin trapezoids include not only all squares, the subject of Chapter 

2, but also all centred hexagon numbers, the subject of Chapter 6. Here is 19 shown in two ways, the 

second of which is a centred hexagon: 

 

 
 

(d) The gnomon and its relatives 

 

We can consider that a gnomon as defined above completes a parent figure. 

Call a gnomon which completes a second generation figure a grandparent. 

Call a gnomon which completes a third generation figure a great-grandparent. 

For the triangle, we can show a grandparent in two ways: 
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Taking advantage of [2.2], we see that the resulting identity is 

 Ὕ ὒ ὒ ╣▪ ╞▪ ╣▪. [3.3] 

 

We can draw the great-grandparent completely enclosing the figure:  

 

 

 
 

(e) Identities involving ╣▪ 
 

The following figure shows different ways to dissect odd squares, the A series; and even squares, the B 

series. 

 

 
 

A1, B1 show the relation       ╣▪ ╣▪ ╢▪. [3.5] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We have: 

Ὕ ὒ ὒ ὒ   

                     ╣▪ ╛▪ ╣▪ .  [3.4] 

 

The coefficient ó3ô is matched by the order of rotation 

symmetry of the figure. 
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On this multiplication square we show where the triangle numbers appear and how they sum to squares: 

 

 

X 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

2 

 

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

3 

 

3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 

4 

 

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 

5 

 

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 

6 

 

6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 

7 

 

7 14 21 28 35 42 49 56 63 70 77 84 91 98 105 

8 

 

8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 

9 

 

9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 

10 

 

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 

11 

 

11 22 33 44 55 66 77 88 99 110 121 132 143 154 165 

12 

 

12 24 36 48 60 72 84 96 108 120 132 144 156 168 180 

13 

 

13 26 39 52 65 78 91 104 117 130 143 156 169 182 195 

14 

 

14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 

15 

 

15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 

 

 

A2 shows Ὓ Ὓ Ὓ τὝ. We can use [3.1] and [4.3] to break this down: 

                 Ὓ  Ὕ Ὕ Ὕ Ὕ τὝ 

                           Ὕ Ὕ φὝ 

     Ὕ ὒ Ὕ ὒ φὝ 

                           ςὝ ρ φὝ ψὝ ρ,    ╢ ▪ ╣▪ Ȣ[3.6] 

which is shown immediately by A3. 

Note the identity derived in red:     ╣▪ ╣▪ ╣▪ .[3.7] 

 

A1 also shows                        ╣ ▪ ╣▪ ╣▪ .   [3.8] 

The corresponding relation in B1 is                      ╣ ▪ ╣▪ ╣▪ .   [3.9] 

B2 shows the relation: Ὓ ὛὛȟ which generalises to:   

        ╢◄▪ ╢◄╢▪Ȣ   [3.10] 
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Here are alternative figures for [3.8], [3.9] respectively, emphasising symmetry: 

 

 
 

 

Redrawing our canonical figure like this: 

 

 
 

we have the identity       ╛▪ ╢▪ ╣▪. [3.11] 

 

We can derive it algebraically like this: 

 

ὒ Ὓ  

ὒ Ὕ Ὕ   

ὒ Ὕ Ὕ  

Ὕ Ὕ  

ςὝ . We note that ςὝ ὲὲ ρ has been known, following Aristotle, as a pronic number. (Nelsen 

calls it an oblong number.) 

 

The following diagram illustrates the identity  ╣╢▪ ╣╢▪ ╢▪ .    [3.12] 
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We can use either [3.6], [3.7], or [3.8], [3.9] to derive ╣▪ ╣▪ ╣▪ ╢ ▪ . [3.13] 

 

In the following figures we dissect the triangle in a number of different ways, always observing rotation 

symmetry. In the first row we use trapezoids. Note how we triple-count the overlap region in the middle 

case. In the second row we use line numbers but we have notated them as trapezoids one row thick. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

                        ╣ ▪                                        ╣ ▪                                       ╣ ▪  
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╣ ▪ ╣►▪ ȟ▪   [3.18]    ╣▪ ╣►▪ȟ▪         [3.24]   ╣▪ ╣►▪ ȟ▪          [3.30] 

 

╣ ▪ ╣▪ ╣▪  [3.19]   ╣▪ ╣▪ ╣▪  Ȣ   ╣▪ ╣▪ ╣▪   [3.31] 

 

 

(f) Square triangle numbers 

 

Of interest is the question óWhen is one triangle number a multiple of another?ô In particular, óWhen is 

one triangle number twice another?ô (The following derivation is due to Mark Bennet, Mathematics Stack 

Exchange 29.12.16.) 

Ὕ ςὝ  

άά ρ ςὲὲ ρ  

τά τά ψὲ ψὲ  
ςά ρ ςςὲ ρ ρ (completing the square),  

a statement of the form 

ὓ ςὔ ρ, a Pell equation, whose solution sets are the pairs of óside diameterô numbers. 

The first ὓȟὔ  pairs are (7, 5), (41, 29), corresponding to the respective άȟὲ pairs (3, 2), (20, 14). 

 

The bonus is that, potentially, we have answers to the question óWhen is a triangle number a square?ô 

because, as the next figure shows, the condition Ὕ  = Ὓ is equivalent to the condition Ὕ ςὝ. 

 

We have: 

 

ὰ ὲ , 
Ὧ ὰ ά ρ ὲ ά ρȟ  
Ὧ ὰ ςὲ ά ρ, 

Ὕ Ὓ  . 

 

The άȟὲ pairs above give us respectively Ὕ ὛȟὝ Ὓ . 

 

 
     

 

(g) What about cube triangle numbers? 
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The number of triangle numbers which are squares is infinite but there are no cubes > 1. The following 

argument comes from Wolfram MathWorld. 

 

We have: 

 

Ὕ ὅ , 

ά  , 

τὲὲ ρ ψά ςά  , 

ςὲ ρ ςά ρ . 
By a confirmed conjecture of Catalan, which is therefore a theorem, the only pair of perfect powers 

differing by 1 are σ and ς so, uniquely, ὲ ά ρȢ 
 

An aside: The conjecture was proved for all odd values of ςὲ ρȢ If, in place of ςὲ ρ, we specify a 

prime, a, and in place of ςά  we specify a prime c, and, in place of 1, we specify some integer b, the 

Catalan theorem is established as follows.  

 

ὥ ὧ ὦ ,  

ὥ ὦ ὧ , 

ὥ ὦ ὥ ὦ ὧ , 

The right side can only be rendered as the two unequal factors: c, which must equal the smaller bracket on 

the left, and ὧ, which must equal the larger bracket on the left: 

ὥ ὦ ὧ, 
ὥ ὦ ὧ . 

Adding, 

ςὥ ὧὧ ρ. 

The solution ὧ ὥ would imply ὧ ρȟ which is not a prime. 

Hence the solution ὧ ςȟὥ σȟὦ ρ, which is unique. 

 

Note also ὥ Ὕ, the only prime triangle number. 

  

(B) Numerical properties 

 

(a) 

 

The odd number p divides every ὴ  integer on the number line. Inspecting the factors in the numerator of 

Ὕ: 

      (1)(2) 

           (2)(3) 

                (3)(4) 

                     ... 

                      ὲὴ ρ ὲὴ 
                                     ὲὴὲὴ ρ 

                                       ... 

 

we see: 

(i) that here too the odd number p divides every ὴ  integer on the number line, 

(ii)  that p divides both Ὕ  and Ὕ , 

(iii) that p divides the second bracket in the numerator of Ὕ  and the first in the numerator of Ὕ . 

 

We can use these three lemmas to solve problems of the following kind. 
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We are given six consecutive triangle numbers: 

 

Ὕ      Ὕ    Ὕ     Ὕ      Ὕ     Ὕ  

 

 and told that 5 divides Ὕ and Ὕ . What can we infer? 

 

If we were only told that 5 divides Ὕ ȟ we would be in doubt as to whether ὥ τ was of the form  

υὲ ρ, in which case 5 would divide Ὕ , or υὲ, in which case 5 would divide  Ὕ . But, since 5 

divides Ὕ, and every υ  triangle number divides by 5, we know that 5 divides Ὕ . 

 

A more elaborate example: 

 

We are given four consecutive triangle numbers under 150 and tasked with identifying them, given the 

following information: 

 

(1) 3 does not divide Ὕ, 

(2) 3 divides Ὕ , 

(3) 5 divides Ὕ , 

(4) 11 divides Ὕ . 

 

Inferences: 

 

From (1), (2): Since 3 divides Ὕ  but not Ὕ, it must divide Ὕ . (5) 

From (3), (5): σ υ ρυ divides Ὕ . (6) 

From (4), (6): If 11 divided Ὕ  as well as Ὕ ȟ Ὕ  would be ρρρυ,  
which is > 150, so it does not. (7) 

From (4), (7): since 11 divides Ὕ  but not Ὕ , it must divide Ὕ . Furthermore, it must be a divisor 

of the smaller bracket in the expression for Ὕ , . 

We have: ὥ τ ρρὯ. The smallest solution, ὥ χ, gives a value for Ὕ  of 66, < 150. 

The next, ὥ ρψ, gives a value > 150. 

Therefore Ὕ φφ , and we can derive from it the values required: 

 Ὕ υυ, 

Ὕ τυ, 

Ὕ σφȟ  

Ὕ ςψ . 

 

(b)  

 

Continuing our analysis of the patterns revealed in (a), itôs interesting to see how, when considering 

particular primes, the prime factorisation patterns of the sequence of triangle numbers compare with those 

of the natural numbers. We can think of the comparison in two ways: 

 

(i) the natural numbers sampled at positions 1, 3, 6, 10, ... : 

 

 

(ii) the consequences of the formula  for the individual triangle numbers. 
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The figures following show how the powers respectively of 2, 3 and 5 appear. Notice: 

 

(i) Compared with the factors of the natural numbers, every entry for an exponent > 0 is duplicated in the 

triangle numbers.  

(ii) For an odd prime p, the number of consecutive entries for the exponent 0 is ὴ ρ for the natural 

numbers, ὴ ς for the triangle numbers. 

 

 

 
 

(c) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It's instructive to draw diagrams 

showing sequences of partitions of 

the triangle numbers into two parts: 

Ὕ ὥὝ ὦὝ ȟή ὶȟὥ ὦ π.   

This equation serves for a number of 

the identities weôve met. But we have 

chosen in particular: 

 

Ὕ σὝ Ὕ  [3.9] and  

Ὕ σὝ Ὕ  [3.8]. 

 

In an equilateral triangle of side 

length p, we enter p at the apex, q at 

the left base vertex, r at the right base 

vertex, and the coefficients a and b 

inside those.  

q and r in turn become the apices of 

new triangles of the same kind. The 

process terminates when the last q 

value is 1.  
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This dichotomy will always be possible since every triangle number suffix is either odd or even.   

 

In the figure for Ὕ below left the unit coefficients are not marked. We have computed the total number of 

Ὕs by multiplying the relevant coefficients, whose total must equal Ὕ τυȢ The figure below right 

makes the point that the position of the coefficient ó3ô occurs on the left when the T suffix is even, on the 

right when it is odd. 

 

 
We need to show (see next figure) that the segment AAô does not cross BBô. This is equivalent to showing 

that ὥ ὦ ὧ Ễ ί. 
 

Since ὴ , ὥ ὴ ρ  . 

Since ή , ὦ ή ρ  . 

Since ὶ , ὧ ὶ ρ  . 

...                     ...                              ... . 

 

Thus ὥ ὦ ὧ Ễ Ễ ί ρ ί ρ. 

 

Now, our convention of putting the greater of q, r, namely q, on the left, ensures that, along a given edge 

like BBô, we cannot encounter two consecutive cases where the óô sign resolves to an óô sign. Thus, for 

ς cases (the minimum), ὥ ὦ ὧ Ễ ί ρ, i.e. ὥ ὦ ὧ Ễ ί, as required. 

 

 



 25 
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Since a triangle number is either of the form σὲ or σὲ ρ, descending from a given apex p all the way 

down to the terminating vertices, those with apex value 1, the total number of those vertices must be a 

number of one of the two kinds since Ὕ ὝὝ. 

 

A more compact representation of [3.8] and [3.9] partitions an equilateral triangle dot figure iteratively. 

Here for example is Ὕ : 

 

 

Because the tree is a 

dichotomy, descending from 

any given apex p, the number 

of daughter triangles goes up 

as a power of 2. For example, 

starting with ὴ ρππ , we 

have the breakdown and totals 

shown in the table below. 

Observing the structure, which distributes the coefficient 3 

to one side, 1 to the other, the true number of daughter 

triangles goes up as a power of ς.  

 

If we define daughter triangles to the triangle with apex 

number p as belonging to the ρ  generation, granddaughter 

triangles as belonging to the ς , and so on, the total value 

of all triangle numbers represented by triangle apices of the 

same generation, is that of the apex triangle number, Ὕ. So 

we have the equalities of the kind shown in the third 

column of the table below. 

True number of 

triangles 

Breakdown of  

apex values 

Breakdown of 

triangle 

number 

totals 

ς 1(100) Ὕ  

ς 3(50) 1(49) σὝ Ὕ  = 

ς 10(25) 6(24)        etc. 

ς 10(13) 48(12) 6(11)        etc. 

ς 10(7) 180(6) 66(5)        etc. 

.                              .                                   .                         . 

.                              .                                   .                         . 

.                              .                                   .                         . 

Number 

of  

triangles 

in the 

triangle 

-gram 

Breakdown 

ς 1(100) 

ς 1(50)  1(49) 

ς 2(25)  2(24) 

ς 2(13)  4(12)  2(11) 

ς 2(7)  8(6)  6(5) 

.                 .                                 . 

.                 .                                 . 

.                 .                                 . 
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(d) Though we shall not prove this, with triangle numbers, every equality is a special case of an identity 

or a set of nested identities. Taking [3.12] as our example, which is just a special case of [3.1], we have, 

schematically:  

 

 

 

Ὕ                            Ὓ                                     Ὕ                   Ὕ Ὓ Ὕ 

  

                                [3.5] 

                      Ὕ                  Ὕ 

 

                           ▪ ▓  

                      Ὕ                    Ὕ                                                 Ὕ Ὕ Ὕ Ὕ                                               

    

                   [3.9]                 [3.8] 

     

               Ὕ      σὝ       σὝ         Ὕ  

 

                                ▓  

   

                Ὕ      σὝ        σὝ           Ὕ 

 

                    [3.9]          Ὕ)   σὝ 

            
                      Ὕ                [3.9] 

 

                                            Ὕ 

                       

                                      σὝ                                                             Ὕ σὝ Ὕ                                             

                                  

In a special case of identity (ii)  in part (b), ὥ ὦ ρȟ so that  Ὕ Ὕ Ὕ. Note that the right side is 

symmetrical in q and r. We can form chains in this manner: 

 

 
 

If, in our equation Ὕ Ὕ Ὕ, and we write ὴ as ή ὲ, Ὕ represents the difference between two 

triangle numbers n positions apart in the sequence of triangle numbers. We have: 

 

Ὕ  . 

 

Here are the first few examples we encounter as ὲȟή range over the natural numbers while satisfying the 

above identity:  

The triangle numbers between the lines 

appear as trapezoids.  

 

The algebraic symmetry allows us to write 

the same equality in two ways, for example: 

 

Ὕ Ὕὶȟ Ὕ, 

Ὕ Ὕὶȟ Ὕ. 
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(e) 

 

If  Ὕ Ὕ Ὕ , or in graphic form, ὖ ὗ Ὑȟ we can ask if thereôs a general method for dissecting one 

side of the equation into the other. This will not necessarily be the most economic dissection in terms of 

the number of pieces but it will be universally applicable. The following iterative procedure fits the bill. 

We use the óstaircaseô forms. 

 

1. Lay R over Q so that the resulting stepped 

 hypotenuse corresponds to that of P . 

 

2a. Make cut C1, producing two pieces 

from R: Ὑ (f for ófixedô) and Ὑ  

m for ómoveableô). 

 

2b. Give Ὑ   a half-turn about ὕ. 

 

3a. Make cut C2, producing two pieces 

From Ὑ : Ὑ , Ὑ . 

3.b. Give Ὑ  a half-turn about ὕ. 

 

The algebraic symmetry tells us that  

we can swap Q and R:  

 

 

 

 

 

 

 

 

In the example illustrated, this marks the end of the process: the P outline is filled by pieces constituting 

Q and R. But in the general case, we must repeat steps a and b until this is achieved. Here for example are 

the final stages in the case ὴ ςσȟή ςπȟὶ ρρ: 
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The validity of the method rests on the fact that, by means of half-turns about vertices or edge midpoints 

of a square lattice, a given square A can be moved to coincide with a chosen square B anywhere in the 

plane. 

 

(f) 

 

An investigation worth pursuing is the analogy between the Pythagorean triples, ὥȟὦȟὧ, where the 

general term x represents ὼ in the identity, and the triangle triples ὴȟήȟὶ, where x represents .  

 

This figure characterises the distinction: 

 

 
 

In the same way we can class cases among the Pythagorean triples, e.g. those where the hypotenuse and a 

leg differ by 1, we can class cases among the triangles, e.g. those distinguished by an n value of 1 on the 

chart in part (e). 
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a         b       c:  

Ὓ      Ὓ     Ὓ     For odd ὶ ρ, put ὦ . Then Ὓ Ὓ Ὓ. 

r         q       p           For ὶ ρ, put ή Ὕ ρ. Then Ὕ Ὕ Ὕ. 

Ὕ      Ὕ     Ὕ  

 

Whereas there is one set of parametric equations which produces all Pythagorean triples, for triangles we 

need a separate set for each type, requiring four parameters in all. Failing that, here is a nomogram we can 

use. 

 

With the two solid lines fixed, we choose a position for the dashed line and adjust the two dotted lines 

until the number of dots in the parallelogram equals the number in the small triangle (shown by the big 

dots in the figure beneath). We then read off the number of dots on the sides of the smaller triangles, x 

and y, and of the large triangle, z, to give a solution of Ὕ Ὕ Ὕ. 

 

 

Hereôs why it works. 

 

Readers will  see that the task in figurate 

terms is to find a gnomon to a triangle 

(the large trapezium) which is itself 

triangular. We must be able to dissect this 

trapezium into a smaller trapezium and a 

parallelogram, and dissect the 

parallelogram into a triangle to which the 

smaller trapezium is a gnomon. This is 

what the nomogram achieves. 

 

 

We have x = u + v, y  = u + w, z = u + v + w. By taking every u value and every factorisation Ὕ ὺύ, 
we generate all possible solutions. The figure below shows an analogous construction for the equation 

Ὓ Ὓ Ὓ, where Ὓ is the nth square number, ὲ. Solutions are restricted by the Pythagorean 

condition, namely, the gnomon to a square Ὓ is itself a square Ὓ if  and only if   x, y form the shorter 

sides of a right triangle with integral hypotenuse z. In the triangular case by contrast we have a range of 

obtuse-angled triangles. 
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(g) Now consider for comparison sequences of three consecutive numbers of each type, squares and 

triangles.  

 

We can show that three consecutive squares never sum to a square. Let Ὓ Ὓ Ὓ Ὓ. 

Forming a quadratic equation in a leads to: 

 

ὥ σὲ ς ς ÍÏÄ σ. 

But ὥ = 0 or 1 (mod 3). 

Therefore the equation has no solution in integers. 

   

Certainly 3 consecutive triangles can sum to a square: Ὕ Ὕ Ὕ Ὓ. Indeed, it turns out there is an 

infinite number of such sets. The squares, ὥȟ are generated by this recurrence relation:  

ὥ ρπὥ ὥ  with starting values ὥ ρȟὥ ςȟὥ ψȟὥ ρωȢ We can use [3.7] in the form 

Ὕ Ὕ Ὕ σὝ ρ to find the triangles. For example: 

 ρω σφρσρςπρȢ 

ρςπ ,  

ί ί ςτππ, 

ί
Ѝ

ρυ, 

giving Ὕ Ὕ Ὕ Ὓ . 
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We can find an infinite number of sets of three consecutive triangles which sum to a triangle. Here are 

the smallest two: 

 

Ὕ Ὕ Ὕ σὝ ρ Ὕ , 

Ὕ Ὕ Ὕ σὝ ρ Ὕ  . 

 

How do we find such sets, Ὕ Ὕ Ὕ Ὕ? [1] 

 

In the following figure we have drawn a triangle for Ὕ containing Ὕ, Ὕ ȟὝ . For equality, it must be 

the case that the regions of overlap sum to the central uncovered region. We can find the dimensions of 

these from the figure, leading to the reduced equation Ὕ Ὕ Ὕ Ὕ . [2]  

We have in effect converted a two-dimensional problem to a 1-dimensional one. 

 

 
Here is a table of the first few ὶȟὲ pairs generated this way. 

 

 

ὶ ὲ ὶ  ὲ  

1 4 8 16 

8 16 34 61 

34 61 131 229 

131 229 493 856 

 

(h) The triangle numbers modulo 3 

 

We have: 

 

Ὕ π (mod 3), 

Ὕ Ὕ σὲ ρ ρ (mod 3), 

Entering new values in the 

suffix of a term in [2], we obtain 

the old value as the suffix of the 

corresponding term in [1]: 

 

 we have: 

 

ὶ ςὶ ρ ὲ , 

(2) ὲ ςὲ σὶ τ. 

 

Combining the two equations, 

we have: 

 

ὶ ὲ ςὶ ς, 

ὲ ςὲ σὶ υ. 

 

With starting values  

ὶ ρȟὲ τ ,  
this is the relation we require. 

 

Using [3.23], we  obtain the following equation, which the values 

produced by the recurrence relation must satisfy: 

Ὕ σὝ ς. 
So we have for example these specific equalities: 

 Ὕ σὝ ς, 
Ὕ σὝ ς. 
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Ὕ Ὕ σὲ ς π (mod 3). 

 

So, modulo 3, the numbers just cycle like this: 1 0 0 1 0 0 1 0 0 ... 

 

We see this also from their figurate representation. Either there is a dot in the centre or there is not: 

 

 
(C)  Algebraic properties 

 

The form of the defining equation, Ὕ , gives rise to interesting properties. 

(i)  We have: ὲὲ ρ ςὝ, ὲ ὲ ςὝ πȟὲ . Ὕ will be a triangle number iff the 

expression under the square root sign is a square. (We recognise it from [3.6].) 

 

(ii)  Since n and ὲ ρ are consecutive integers, they share no prime factors. If we are given a 

reasonably small  Ὕ, say  ρςπς σ υ so that ςὝ ς σ υ, we can easily sort the products so 

that one exceeds the other by 1:    σ υ ς ρ;    ὲ ρυȢ  If, on the other hand, Ὕ is large, we must 

use (i). 

 

(iii)  Chaining the triangle numbers in a product so that the numerator brackets run consecutively, we 

have  

ςὲȦ ςБ Ὕ  (A) and  

ςὲ ρȦ ςБ Ὕ  (B). 

Dividing (B) by (A), we have 
Ȧ

Ȧ
ςὲ ρ Б .  

To see why the product telescopes, we only have to spell out the product and observe the diagonal pattern 

of cancellation: 

 
Ὕ

Ὕ

Ὕ

Ὕ

Ὕ

Ὕ
ȣ

ς σ

ρ ς

τ υ

σ τ

φ χ

υ φ
ȣ
ςὲ ςὲ ρ

ςὲ ρ ςὲ
ςὲ ρȢ 

 

The product p then is a linear function of the number of terms, n:  ὴὲ ςὲ ρ. Not so the ὲ  term, 
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ήὲ . Compare their respective graphs. ήὲᴼρ as ὲᴼЊ. 

 

 
  

The pronic number s  ὲὲ ρ is already near to a square. What happens if we take the square root? 

We have  Ѝί ὲ ὲ ὸ. As ὲᴼЊ, ὸO . The convergence is rapid:  
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Given a set of integers spanning a range between squares which contains a pronic number p, we take 

square roots (here shown to 3 decimal places). ὴ ρ is the first number for which ὸ  , identifying p. 

 

 
 

We can show this as follows. 

 

ί ὯȟίȟίȟȣȢί ȟί ȟί Ὧ ρ   is a sequence of consecutive positive integers. For a 

particular consecutive pair, ί, ί , 

 

ί = Ὧ ὸ, 

ί Ὧ ὸ , 

 

where k is the integer part, ὸȟὸ  the respective fractional parts of ί , ί Ȣ 

If ὸ , ὸ
 
, show that ί ὲὲ ρȢ 

 

Between ί and ί  there will be a single number ί ὯὯ ρ. 

ί Ὧ Ὧ ὸ Ὧ ὸ , 

ί Ὧ Ὧ ὸ Ὧ ὸ . 

 

ὸ ὸ , 

ὸ ὸ . 

 

For all the integers < ί the t value will be <  . 

For all the integers ί the t value will be . 

 

This identifies u uniquely as n. 

 

The result follows. 
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     Chapter 4 

 

 The Square, ╢▪ 
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(a) Forming the square, ╢▪ 
 

 
 

The sum of the first n consecutive odd numbers is therefore the square Ὓ. But other runs of consecutive 

odd numbers can also be squares. Where this is the case, the square is that of a term in a Pythagorean 

triple: 

 

 
 

We can show the run of odd numbers comprising the square in two ways by virtue of the commutative 

law, here as χ ω or as ρ σ υ χ. (In general, a square might be thus represented in more than two 

ways. For example, ρς can be shown as a run of odd numbers in 5 ways. By contrast, if p is prime, one 

can show that only the sequence starting with 1 can sum to ὴ.) 

 

(b) Greek gnomons, ╖╖□ȟ▪ 
 

We shall call a sum of one or more consecutive odd numbers a Greek gnomon, ὋὋȟȢ Particular 

examples (variously arranged) are the (parent) gnomon, grandparent and great grandparent gnomons 

defined below. As illustrated above, this is a difference of squares, Ὓ Ὓ ά ὲ ά ὲ, ά ὲȢ 
(We include the case ά ὲ ρȢ We can also show the Greek gnomon as a rectangle: 

 

The figure shows that we can characterise the 

odd number ὕ as gnomon to a square, giving 

the identity 

  

  

  

                        

╢▪ ╞▪ ╢▪. [4.1] 
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The brackets have the same parity. Numbers which are the product of 2 and an odd factor cannot 

therefore be Greek gnomons. These invalid numbers comprise the arithmetic sequence 2, 6, 10, ..., 

ς ὕȟȣ . The following algebra shows that this sequence includes all sums of two odd squares: 

 

ςὥ ρ ςὦ ρ   

τὥ ὦ ὥ ὦ ς  
ςςὥ ὦ ὥ ὦ ρ  

ςςὯ ρ . 

 

Thus two odd squares cannot sum to a Greek gnomon. We can show graphically that the sum of two odd 

squares takes the form ςςὯ ρ: 
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ὋὋ ȟ divides by 4k. This is clear from the algebra: ὋὋ ȟ τὯὥ Ὧ, also from the fact that the 

mean of the ςὯ consecutive odd numbers added is an even number, so the total must have factor 4.  

 

As is also clear from the original figure, we can nest thick gnomons, so that, with ὰ ά ὲ: 
 

        ╖╖■ȟ□ ╖╖□ȟ▪ ╖╖■ȟ▪. [4.2] 

(c) The gnomon and its relatives 

 

As with the triangle, we can identify grandparents and great grandparents. 

 

For the square, the grandparent can already be drawn to enclose the figure: 

 

 
 

The grandparent relation is:      ╢▪ ╛▪ ╢▪. [4.3] 

 

As in the triangular case, note the rotation symmetry. 

 

The great-grandparent relation is:     ╢▪ ╞▪ ╢▪. [4.4] 

 

If we move the central square to the bottom left corner and pack the gnomons from upper right, ὕ  

appears as the mean of three consecutive odd numbers, whose total therefore is a multiple of 3. (Compare 

the case of [3.4].) 

 

(d) Nested gnomons 

 

The following dissection represents the identity  

▓╢▪ ╢▪ ▓ ▓ ╢▪ ╣▓. [4.5] 
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        Chapter 5 

 

 The Centred Square, ╒╢▪  
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(a) Forming ╒╢▪ 
 

The centred square is the sum of two consecutive squares: 

 

 
1. We begin with our squares. 

2. We divide each into consecutive triangles, so we have: 

 

        ╢▪ ╢▪ =  ╣▪ ╣▪ ╣▪.  [5.1] 

 

We slide the green triangle bottom right to top left, and the lilac triangle bottom left to top right. We then 

make the cuts shown by the dotted lines.  

 

3. The net result is the ócentred squareô number,  ╒╢▪ ╢▪ ╢▪ ╣▪ .  [5.2] 

 

The next figure shows part of a tiled floor with a checkerboard pattern. If you turn your head 45Ј to the 

vertical, the two consecutive squares reveal themselves. Alongside, we see what happens when we 

subtract [2.2] from [3.6] (with change of suffices): ╢▪ ╒╢▪ ╣▪ .   [5.3] 
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(b) Differences of centred squares 

 

(i) From the defining algebra, we have: 

 

ὅὛ ὅὛ ςὥ ὦ ὥ ὦ ρ.  

 

The brackets have opposite parity, so one of them is positive and the whole expression therefore has a 

factor 4. This means that, if the right side of the equation is a perfect power, for example a square, the 

square will be that of an even number.  

 

We can say more.  

 

ςὥ ὦ ὥ ὦ ρ ὧ  

ὥ ὦ ρ ςὥ ὦ . 

 

Here is a selection of values: 

 
ὴ

ή
 a b c 

2 5 4 4 

1 5 2 6 

3 10 9 6 

1 11 4 14 
υ

ς
 

14 12 10 

 

The equivalent formula for ὅὌ ὅὌ Ὓ differs only in the substitution of the coefficient 3 for 2. 

The equivalent table starts: 

 

 
ὴ

ή
 a b c 

2 7 6 6 

 



 44 

τ

σ
 

10 7 12 

ψ

σ
 

34 31 24 

 

 

(ii) In Chapter 8, section (c) (iii)  we meet Dostorôs identity, the second case of which is: 

 

Ὓ Ὓ Ὓ Ὓ Ὓ . 

 

Grouping terms, we have: 

  

ὅὛ ὅὛ Ὓ , 

 ὅὛ ὅὛ Ὓ . (This is the last example in the table above.) 

 

(c) The centred square as a difference of two squares 

 

We write ὅὛ = . 

 

An instance is ὅὛ Ὓ Ὓ. Rearranging terms, we have Ὓ Ὓ Ὓ Ὓ. The standard house brick 

has edges in the ratio 2 : 3 : 6. The equation tells us that, with a unit of length so defined, the space 

diagonal of a brick has integer length, 7.  

  

 

 

 

 

 

 

 

 

 

 

 

(d) Identities involving centred squares and other shapes 

 

In the next figure we combine centred squares.  
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As shown in the main figure,             ╒╢ ▪ ╒╢▪ ╒╢▪ ╛▪ Ȣ   [5.4] 

 

The upper inset figure shows that          ╒╢▪ ╛▪ ▪ ▪ ╣ ▪ Ȣ  [5.5] 

 

Combining [5.4] and [5.5],            ╒╢ ▪ ╒╢▪ ╣ ▪ . [5.6] 

 

The lower inset figure combines results [5.2] and [5.3]. 

               

From [3.6] and [5.6]:          ╒╢ ▪ ╒╢▪ ╢ ▪ Ȣ [5.7] 

 

From [5.2] and [5.6]:                ╣ ▪ ╣▪ ╣ ▪ . [5.8] 

 

an identity purely in terms of triangle numbers. 

 

Here is a figure representing [5.8]: 
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Here is the same with a staircase representation. Alongside we use [3.8] to dissect the rectangle. 

 

 
 

From [5.2] we can also break down [5.6] into triangles: 

 

                                              ╣ ▪ ╣ ▪ ╣ ▪  ╣▪  ╣▪ ╣▪  .  [5.9] 

 

From [3.6] we have  ψὝ ρ Ὓ , 

From [5.2] we have  4Ὕ ρ ὅὛ, 
Whence                                                                                      ╒╢▪ ╢ ▪ Ȣ  [5.10] 

 

The following figure shows this. 
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The blue and white squares represent ὅὛ. Each square is duplicated by a circle top left. The total of 

squares and circles is therefore ςὅὛ. Each zig-zag line connects ςὲ ρ objects. Moving top left to 

bottom right, the ςὲ ρ  zigzag would require the ὲ ρ dashed circles. These correspond to n 

squares on the same diagonal, thereby demonstrating the identity. 

 

(e) The centred square to different moduli 

 

(i) Odd prime moduli   

 

In Chapter 3, section (h) we see how the triangle numbers cycle modulo 3. 

Since Ὓ Ὕ Ὕ and ὅὛ Ὓ Ὓ, we can find the corresponding cycles for Ὓ and ὅὛ by 

successively adding consecutive pairs of values. We do this for a few prime moduli: 
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3 

 

 

 

5        

 

 

 

7       

 

 

 

There are two features to note.  

 

First, the length of the cycle is the size of the modulus. To see why this is so, consider how the triangle 

numbers are formed and the result of working mod 5: 

 

Ὕ  Ὕ ρ, 
Ὕ Ὕ ςȟ  
Ὕ Ὕ σ, 
Ὕ Ὕ τ, 
Ὕ Ὕ υ, 

Ὕ Ὕ υ ρ,                   start of new cycle 

Ὕ Ὕ υ ς, 
Ὕ Ὕ υ σ, 
... 

 

Second, because of the two 0s at the end of the triangle cycle, the palindromic form of the part before 

them persists downwards, (as the sequences left of the red lines).  

 

 

(ii)  

 

 

Modulo 4 

 

To this modulus, triangle numbers display a cycle of length 8, squares, 2, centred squares, 1: 

 

Ὕ : 1  3  2  2  3  1  0  0 ... 

Ὓ :      1  0  1  0  1  0  1  0  ... 

ὅὛ :    1  1  1  1  1  1  1  1  ... 

 

To other even moduli it is also the case that the cycle length of the triangle numbers is a multiple of those 

of the squares and centred squares. To modulo 6 the respective lengths are 12, 6, 3; to modulo 8, 16, 4, 4. 

  

 

 

 

 

 

 

Ὕ : 1  0  0  1  0  0  1  0  0  ... 

Ὓ :      1  1  0  1  1  0  1  1  0  ... 

ὅὛ :    1  2  1  1  2  1  1  2  1  ... 

Ὕ : 1  3  1  0  0  1  3  1  0  0  1  3  1  0  0  ... 

Ὓ :      1  4  4  1  0  1  4  4  1  0  1  4  4  1  0  ... 

ὅὛ :    1  0  3  0  1  1  0  3  0  1  1  0  3  0  1  ... 

Ὕ : 1  3  6  3  1  0  0  1  3  6  3  1  0  0  1  3  6  3  1  0  0  ... 

Ὓ :      1  4  2  2  4  1  0  1  4  2  2  4  1  0  1  4  2  2  4  1  0  ... 

ὅὛ :    1  5  6  4  6  5  1  1  5  6  4  6  5  1  1  5  6  4  6  5  1  ... 
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         Chapter 6 

 

   The Centred Hexagon, ╒╗▪    
 

 

 

 

 

 

 

 
 

 

 

 



 50 

 

(a) Forming ╒╗▪ 
 

The next figure shows how the centred hexagon ὅὌ is constructed. It includes all the circles on or within 

the ὲ  hexagonal ring, beginning with the central unit.  

 

 

 
 

(b) Identities involving centred hexagons and other shapes 

 

In the next figure we combine centred hexagon numbers. Our unit here is a small hexagon. 

 

We have immediately              ╒╗▪ ╣▪ ╒╗ ▪ . [6.1] 

 

 
 

The inset figure, like that above right, gives us    ╒╗▪ ╣▪ , [6.2] 

whence         ╣ ▪  ╣▪ .  [6.3] 

 

Anticipating [6.2], we see how the common 

formula can be derived from the figurate 

formula φὝ ρ. 
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By considering the equation Ὕ ὯὝ ὰ, we find this result generalises to: 

 

  ╣ ▓ ▪ ▓ ▓ ╣▪ ╣▓.  [6.4] 

 

(We could write óςὯ ρô as óὕ ô.) 

 

We can represent this in figurate terms by making ςὯ ρ  the unit in terms of which we show Ὕ. We 

see that the region representing Ὕ , exceeds the region representing ςὯ ρ Ὕ by Ὕ: 

 

 
For an alternative dissection see Roger B. Nelsenôs own dissection on p. 105 of his book óProofs without 

Wordsô. 

 

[3.7] and [5.8] lead to       ╣ ▪ ╣▪ ╣▪ Ȣ  [6.5] 

 

By considering the equation Ὕ ὴὝ ήὝ , we find this generalises to: 

                                                   ╣▓ ▪ ▓ ╣▪ ▓ ▪ ╣▓▪ ▓ ▪ ╣▓ ╣▪ ╣▓╣▪ . [6.6] 

 

Note that the common factor in the special case, [6.5], is spurious. But note more significantly the 

algebraic symmetry. This emerges from the following figure. We can either take Ὕ to be the number of 

white triangles, Ὕ ȟ and Ὕ  to be the number of blue triangles, ὝȠ  or Ὕ to be a blue triangle, of 

which there are Ὕ , and Ὕ  to be a white triangle, of which there are Ὕ. 
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A different identity results if we reverse the size relations so that there are more of the bigger triangle. 

 



 53 

 
 

This is what Roger B. Nelsen does on p. 99 of his óProofs without Words IIô to obtain: 

 

                                                                                                                   ╣▪ ╣▪ ╣╢▪.  [6.7] 

 

Nelsenôs identity generalises as follows. For one n we write a; for the other, b, producing 

       

        ╣╪ ╣╫ ╣╪╣╫ ╣╪╫. [6.8] 

 

We can use our original figure to interpret that. (Again we need more of the bigger triangle.) This time, 

Ὕ is the count of triangles of type Ὕ; Ὕ  is the count of triangles of type Ὕ . 

 

From [8.1] we infer Ὕ Ὕ ὅ, whence: 

 

Ὕ Ὕ   
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Ὕ Ὕ Ὕ Ὕ   

Ὕ ὅ,           ╣▪ ╣▪ ╣╢▪╒▪Ȣ  [6.9] 

 

If n is odd, Ὕ  has a factor Ὓ, so Ὕ ὅ has a factor ὒ ; if n is odd, a factor ὒ . 

 

Returning to [6.3] and substituting from [3.6], we have                    ╣ ▪ ╢ ▪ ╣▪.  [6.10] 

      

From (5.2) and (6.2) we derive                  ╒╗▪ ╒╢▪ ╣▪ . [6.11] 

Recalling the first two of the following identities and adding the last: 

 

ὅὛ ςὲὲ ρ ρ, 
ὅὌ σὲὲ ρ ρ, 
Ὓ τὲὲ ρ ρ, 
 

we have:        ╒╗▪
╒╢▪ ╢ ▪ .        [6.12] 

 

The following figure illustrates this. We have shown ὅὌ in terms of hexagons. Each hexagon has a red 

dot at the centre. A circle with a mauve centre is centred on the upper left vertex of each hexagon. The 

circles thus duplicate the hexagons and the number of circles plus hexagons, red dots plus mauve dots, is 

ςὅὌ. We partition these between the chevron on the left, enclosing Ὓ  dots and the rhombus on the 

right, enclosing ὅὛ dots. 

 

 
 

The dissection below shows:                 ╒╗▪ ╣▪ ╣▪ ╣▪. [6.13]  
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The alternate hexagon, ═╗□ȟ▪ 
 

We can derive from the centred hexagon, whose sides have equal length, an equiangular hexagon whose 

sides are of alternate lengths m, n. We shall call this the alternate hexagon, symbol ὃὌȟ, ά ὲ πȢ 

The following figure shows the sequence developed from ὅὌ. The symbol sequences include limiting 

cases in order to illustrate the progressions. 

 

 
Algebra confirms the identity instanced here:   ╣ ▪ ╒╗▪ ╣▪ . [6.14] 

 

When we come to consider CH numbers as 

gnomons to a cube, we shall meet the 3-D 

analogue of this identity. 
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By generalising the expressions in centred hexagons and trapezoids, moving left to right as it were, we 

find: 

 

ὃὌȟ ὅὌ σὝ Ὕ , an unnecessarily complex expression. 

 

If we move right to left, we can begin with a triangle and truncate it progressively. Working in terms of 

triangles rather than centred hexagons and trapezoids, we derive the simpler form: 

 

ὃὌȟ Ὕ σὝ  . 

 

As with other 2-parameter shapes, two different symbols can code the same number, For example,  

ὃὌȟ Ὕ σὝ ὃὌȟ Ὕ. 
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     Chapter 7 

 

 

      The Tetrahedron, ╣▄◄▪ 
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(a) Forming ╣▄◄▪ 
 

To make a tetrahedron, we stack triangles. Ὕ is gnomon to ὝὩὸ as, in two dimensions, 

n is gnomon to Ὕ .  

                                                                                                                        ╣▄◄▪ ╣▪ ╣▄◄▪ . [7.1] 

Alternatively, we may section the packing in rectangular slabs: 

 

 
 

 

X 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

2 

 

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

3 

 

3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 

4 

 

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 

5 

 

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 

6 

 

6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 

7 

 

7 14 21 28 35 42 49 56 63 70 77 84 91 98 105 

8 

 

8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 

9 

 

9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 

10 

 

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 

11 

 

11 22 33 44 55 66 77 88 99 110 121 132 143 154 165 

12 

 

12 24 36 48 60 72 84 96 108 120 132 144 156 168 180 

13 

 

13 26 39 52 65 78 91 104 117 130 143 156 169 182 195 

14 

 

14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 

15 

 

15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 

 

On the multiplication square these appear on 

a line perpendicular to the main diagonal 

since the orange numbers are symmetrical 

about it. 

 

This dissection corresponds to the sum 

ὝὩὸВ Ὥὲ ρ Ὥ. 
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(b) Its algebraic formula 

 

A dissection demonstrating the general formula is found on p. 95 of Roger B. Nelsenôs óProofs without 

Wordsô. There are two chiral sets of 3 congruent shapes, which fit together to make a congruent pair of 

staircases. Notice how chiral pairs match. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We fold one staircase on top of the other to make a cuboid having dimensions ὲ ȟὲ ρȟὲ ςȢ 
The volume of the ὲ  tetrahedron is then 1/6 of this product. 

 

For a two-dimensional dissection, see that of Monte J. Zerger on p. 94  of the work cited above: 

 

 

 

 

 

 

 
 

 

 (c)  Gnomonic relations 

  

Ὕ 

n ς 

3ὝὩὸὝ ὲ ς, 

 ὝὩὸ Ὕ   

          

            . 
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We can also have gnomonic grandparents as we did in two dimensions. 

The same figure which illustrated the two-dimensional case serves to distinguish the two possible 

arrangements here, this time of spheres rather than disks. 

 

The resulting identity is   ╣▄◄▪ ╣▪ ╣▪ ╣▄◄▪ ╢▪ ╣▄◄▪ .  [7.2] 

 

As in two dimensions, we can draw the great-grandparent enclosing the original figure. The identity here 

is: 

 

                                        ╣▄◄▪ ╣▪ ╣▪ ╣▪ ╣▄◄▪ ╣▪ ╣▄◄▪ . [7.3] 

 

We have used the identity Ὕ Ὕ Ὕ σὝ ρ, which is [3.7] in disguise, but may be shown 

in this form by  the following figure, where we see that the red cells exceed the blue cells by 1. [3.7] 

emerges from omitting the middle triangle. 

 

 
 

(d) The difference of two tetrahedra (the frustum of a tetrahedron, the general gnomon to a 

tetrahedron)  

 

ὝὩὸ ὝὩὸ is the sum of the k consecutive triangles, beginning with Ὕ  . 

The algebra yields this number as σὥ ὥὯ ςὥ Ὧ Ὧ ς  or 

or ὯὝ ὥὝ ὝὩὸ. Here is the frustum thus dissected: 
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Note that, if we add back the empty piece, which is ὝὩὸ, to complete the tetrahedron ὝὩὸȟ we have, as 

required, an expression symmetrical in a and k: ὝὩὸ  ὥὝ ὯὝ ὥὝ ὯὝ. The following 

pictures bring out these relations. Note how the a triangular slabs, Ὕ , laid along the steps of the green 

staircase, ὯὝȟ constitute a staircase of their own, ὥὝ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(e) The divisibility of the sum of k consecutive triangles 

 

(i) Inspecting the first expression in (d), we see that, if k is a prime > 3, since it shares no factors with 6, it 

must survive cancelling of the whole expression and therefore be a divisor of all sums of nk consecutive 

squares. 

 

(ii)  If k contains the factors ς or σ, ὥȟὦ ρ, the exponents a, b will fall by at most 1 on cancellation 

with the ó6ô in the denominator, and so a divisor of the total will retain the factors ς  or σ . 

 

(iii) Combining (i) and (ii) , we conclude that, for p a prime > 3, a, b >1, 

ς σ ὴ divides the sum of ςσὲὴ consecutive triangles. 
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                  Chapter 8 

 

                                The Pyramid, ╟◐►▪ 
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(a) Forming ╟◐►▪ 
 

To make a pyramid, we stack squares:                                                                                                                     
                                                                                                                     ╟◐►▪ ╢▪ ╟◐►▪. [8.1] 

 

These are shown in yellow on the multiplication square below. 

 

 
 

 

In terms of the multiplication square, and our dissection of the tetrahedron in rectangular slabs, [5.2] 

requires us to add the cells shown in orange and blue beneath. The column totals appear in the green cells. 

These also result from a different dissection of the pyramid. In the colour-coded picture below we have 

taken a corner pyramid and divided  

it into L-shaped prisms. This  

dissection corresponds to the sum  

 

ὖώὶ В ςὭ ρ ὲ ρ Ὥ. 

 

Compare this expression with the  

corresponding  

one for ὝὩὸ. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We can compare the figures layer by layer. 

 

As we had Ὕ Ὕ Ὓ, we have  

 

                      ╣▄◄▪ ╣▄◄▪ ╟◐►▪.  [8.2] 

 

 

8 x 1

7 x 3

6 x 5

5 x 7
4 x 9
3 x 11
2 x 13
1 x 15
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X 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

2 

 

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

3 

 

3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 

4 

 

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 

5 

 

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 

6 

 

6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 

7 

 

7 14 21 28 35 42 49 56 63 70 77 84 91 98 105 

8 

 

8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 

9 

 

9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 

10 

 

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 

11 

 

11 22 33 44 55 66 77 88 99 110 121 132 143 154 165 

12 

 

12 24 36 48 60 72 84 96 108 120 132 144 156 168 180 

13 

 

13 26 39 52 65 78 91 104 117 130 143 156 169 182 195 

14 

 

14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 

15 

 

15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 

 

 

The general formula emerges from this dissection based on that by Man-Keung Siu, found on p. 77 of 

Roger B. Nelsenôs óProofs without Wordsô. There are 6 congruent pieces, fitted together in threes to make 

two congruent blocks, which in turn fit together to make a cuboid with dimensions ὲȟὲ ρȟςὲ ρ. 
The volume of the ὲ  pyramid is then 1/6 of the product. 
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Monte J. Zergerôs dissection exhibiting the formula for ὝὩὸ can be adapted to show ὖώὶ as follows. 

 

 

 
 

Here is an alternative dissection. This is due to Dan Kalman and Martin Gardner and is found on p. 78 of 

Roger B. Nelsenôs óProofs without Wordsô. 

 

 
 

 

ὲ ρ 

ὲ ς 

ςὲ ρ 

Ὕ 

             σὖώὶὝ ςὲ ρ, 

ὖώὶὝ
ςὲ ρ

σ
 

               . 


