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Definition

A figurate numbeis ashape consisting of array of units which pack (circles, squares, hexagons
spheres, cubgsepresenting that particular classhoimber For examplean equilateral triangle dissected
out of a close packing of circles a right isosceles triangle dissected out of a squaralgridteshe

~

general triangle numb&¥ O A B O A OB EADIORA 6-6E 1 1

The choice ofshapes

We usea dozerand a halbf the many possible shap&ur choice follows conventioaxcept infive
cases: the twin trapezoithe alternate hexagon, the Greek gnontioe@ cuboctahedron and the
icosahedron shellhe¢  s-sided polygon numbep,;; can be dissected as ¢ "Y “YBWe have
usedi o, the triangle]Y, andi  ththe square)Yhout noti  @fthe hexagon numbet) . First, by
virtue of the identityo”Y "Y Y hit can be included with the triangle numbers. Secind,

'O 0 "0 so we can make no analogy with the centred squares and cubes.

The shapes are of two kinds: singl@arameter, e.gY, and tweparameter, e.g§Yi , . The latter include
the former as a limiting case. In that examplejangle is atapezoidwhere one of the parallel sides
vanishes.

Notation

We shall relate numbers usittigeé f i g u r a torethedeftbglenwbWeaan always convert the
common algebra on the right.

Figurate algebra Conventional algebra
1, the unit 1

0 ,the¢ line number n

“Y,theg¢ triangle —_—

“Y the¢ square €

0 ,the¢ odd number CE p

"0'G,, a Greek gnomon a € a ¢
“Yi, atrapezoid

O"Yi , a twin trapezoid a € a €& ¢
C"YFItheé centred square CCeE p p

00 hthe¢ centred hexagon cEeE p P

"YQbthet tetrahedron

0 whthe¢ pyramid

0 o Btheg octahedron —_—
6 hthe¢ cube ¢

6 Uhthe¢ cuboctahedron

0 0, the¢ centred cube CE p & € p
‘O, the¢ icosahedron shell PH (¢



We takel  p (or some other value according to context). For those shapes with central symmetry, the
suffix 1 denotes the unit, th@s  phetc., as is conventional. Unconventional isnammiag 6 1 i ne
number 6 and gi,vhwhmohp wea db onty foreconsistegnd o |

We use conventional algebra whetYe 6t h@ofdipar at e
noty &S ometi mes for concision we write o6triangle

Housekeeping

We observelimensionaktonsistency When we "Yor,i twee G nder™odt ainsd at hsagtL
prism of wunit heYiQghtyY “Y¥hdoen wee uwrdietres téa¥dd itsh at ,p1
of unit height. An interesting example we shall me& is ‘Q “Y . The sequence of cubes on the

left has dimension 3 + 1 = 4. This convention accords with the rule that, with each descending diagonal
on Pascal s Triangle and those derived from it
onthe right has dimension = 4 also. It may be necessary to expand expressions to determine their
dimension. For example, [8.7] we meetY , that is,

—— , which has dimension 4.

In [3.8] we meet Y Y o, thatis,
N y Y, VY y y Y0 .
which has dimension 7.

We are concerned throughout with the positive integers, the natural nuéses all our equations are
DiophantineWh e n we AwA 6 t @ssude a > b. Wdo not use double implication arrows when
simply manipulating algebraic expressiovhen that manipulation is routine, we leave it to the student
to complete.

Method

We derive the identities of figurate algebra by examining shapes which result frdvimow smaller
ones.Theidealprocedure is:

(A) Examine the shapge (B) Derive a figurate identit® (C) Check by translating into common
algebre® (D) Use common algebra to see if the identity generdiiséser© (E) If it does, ty
to represent the geradisation graphically

In only a few cases do we advance through all five stages.

The fundamental relations

Relations between figurate numbers can be of several kinds and involve one or more classes but the mo
productiveare of twosors:

'H 0 0 0. Example’Y Y Y8

Two consecutive terms in acgeencegenerate a different shapethe same dimension.
(b) 0 O O0,orB O 0. Example:Y o Y.
A figure which, added to an existing figure, completes a similar one, is cajleahaon

The 6G6 figure i s Thagnomomisonedimensien le§sRhan theifigure.r e .
(In the text, amongst other types definkdistinguish thisas theparentgnomon.)



In both (a) and(b) we add a pair of ternte complete the shapm (b), this addition can be iterated

The gnomonic relatior(p), allows students to prove by induction the results we derive.

Showing(a) as a solid horizontal arrow aid) as a dotted vertical arrow, we have these relational.grids
(The suffices here just label the general form.)

Natural number Odd number
(0]
L, "
Y Y
Triangle Square Centred square
Tn - Sn s C‘Sn
y ' y
Tetrahedron Pyramid Octahedron
Tet, i Pyr, - Oct,,

Centred hevagon
CHN
Y
Odd square Clube Centred cube Odd cube
S2n+1 Cn - CC,, CQrH_l
Y v Y
Tetrahedron Triangle squared Triangle
2
Tet, (711';) T,




We show theelationsaboveon Pascal 6s Triangle and numbeA ar
solid arrow represents a transformation of one array into another by the following rule: two cells in the
position shown at the tail of the arrow sum to one at the head ofrtive &r the exampldelow, two
tetrahedron numbers sum to a pyramid numbelotted arrow represents the descent of a diagonal
whose sum appears in a cell bel ow and to one s
example, the first theetriangle numbers sum to the third tetrahedron number.

- O

Whetre applicable, wause this figure to head each chapstrading in the diagonals which contain
numbers of the types to be discussed and labelling them with the correct symbols.

On occasion, wshowhow the numbers appear on the operation table for multiplication.

I n the course of our survey wePerhapethesesvdimomiragel a s s
the reader to seek his or her own.

The identities listed in this bookfalln t he secti on o0l nteger sumso6 ir
Nel sen: 6Proofs without Wor ds 6, 6Proofs withou

Though our main topic is the identities themselves, we also describe numerical propertiesaghere th
illuminate a relationship.



Chapter 1

The Line, 4.




Theline, 0 his a strip of lengtim and unit width. No addition of units creates a shape similar to the

original, so we cannot find a gnomon to the line. We shall say instead that tberapleteshe line,
preserving an identity of the gnomonic type:

4, 4.8  [1.1]

Line numbers account for all positive integers, including necessarily all primes.



Chapter 2
The odd Number, F.




We represent the odd number, ¢¢ p, as a symmetrical-shape:

This time 2 unitxomplete the figure as shown, and we can write

E. 8 [21}

By virtue of the partition indicated by the dotted line, we can als
write

4, 4, k8 [22]
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Chapter 3

The Triangle, 7

(A) The triangle and shapes derived from it

(a) The triangle

12



The formula fof YA——his clear from this canonical figure:

n—+1

As the following, equivalent, representations shew,can characterise as gnomon to a triangle,
giving the identity
4. 4. 4. 8y

@) @) @) @)

[3.1] serves for a whole series of identities we meet ingkieof the form'Y QY.
(b) Trapezoids,q| »x

The trapezoidYi j is a sum of consecutive integers. As such it can be characterised as the difference
between the triangle numbéf and the triangle numbé¥, & £,&¢ T

13



We have:

vy

The brackets are of opposite parityhene  mwe have
the triande. Sinced  p, there will always be an odd
factor, sq excepting;  phno triangle number can be ¢
power of 2.

More generally, this is true of alY; whend  p (as it
is often defined).

In thefinal part of this chapter we find triangle numbers which are differences between different pairs of
triangles. For exampl€Y Y Y “YipandalsoY Y “Yip . Therefore trapezoids, which
include & triangles, do not necessarily represent a number in a uniqueHsey are the last two figures:

(c) Twin trapezoids, q| 4|

The figure shows a twin trapezoid. It is a
trapezoid combined with its reflection in the
base line.
@ (i) We can characterise it as shown in blue, a
square from which two equal triangles have
N been removed.

(i) Alternatively, we can characterise it as
shown in green, as the square , to whichn
copies of0 have been added:

“Y'Yi,
Y o ¢Y Y el
a &€ a & €.

Werequired €& p, &€ T Whene T,
we have a square.

Using characterisation (ii), we see that the
values are given by Qco p astranges
over all integers > 1 andranges over all
integers > 0.



On the following chart red squares denote numbers which are not twin trapezoids. Out of the first 60
natural numbers, 31, just over half, are twin trapezoids.

10 20 30 40 50 60

OO OO0 OO oOoam 0a moOoOoO OO oo O OO 0O
4+3:0 O O O O_0Od O O_ 0O o Q4
9+ 5k I:IEl IGEEAEI B DI:FI DD B g DD O B O 3:]
25+ 9k [ O DD DD

36+ 11k [] O O

10+ 13x O

If we dissect the twin trapezoid into two trapezoids, one of which contains the centre line, we have the
type (a) relation
12 & dAw 4w 32

As there may bdifferent representations of a number as a trapezoid, there may be alternative
representations as a twin trapezoid. Twin trapezoids inclatenly all squares, the subject@ifiapter
2, but alsaall centred hexagon numbers, the subjec@dipter 6. Here is 19 shown in two ways, the
second of which is a centred hexagon:

(d) The gnomon and its relatives

We can consider that a gnomon as defined above completes a parent figure.
Call a gnomon which completesacondyeneration figure grandparent

Call a gnomon which completeshard generation figur@ greatgrandparent.

For the triangle, we can show a grandparent in two ways:

1t



Taking advantage ¢2.2], we see that the resulting identity is
Y 0 o 4. . 4..133]

We can draw the gregrandparent completely enclosing the figure:

We have:
Y 0 0 0

1. 4. 4. [3.4]
The coefficient 636 is m

symmetry of the figure.

(e) Identities involving 4.

Thefollowing figure shows different ways to dissect odd squaresAtberiesandeven squares, thg
series.

Al Az A3

L EH
h [F A P

-
RN

Al, Blshow the relation .

3

1. 4.-[35]

1€



On this multiplication square wshow where the triangle numbers appear and how they sum to squares:

X |1 ]2 [3 |4 |5 |6 |7 8 9 10 |11 |12 [13 |14 |15
1 |12 |2 |3 |4 |5 |6 |7 8 9 10 |11 [12 [13 |14 |15
2 |2 T4%16 |8 |10 |12 |14 |16 |18 [20 [22 |24 |26 |28 |30

\ /
3 [3 |6 |9 12/ 15 |18 |21 |24 |27 [30 [33 |36 [39 |42 |45

\ \
4 |4 |8 |12 |16 20\ 24 |28 |32 [36 |40 |44 |48 |52 |56 |60
| |
5 |5 [10 |15 |20 [251] 30 ‘Z 35\ 40/ 45 |50 |55 |60 |65 |70 |75
\
6 |6 [12 |18 |24 |30 |36 42\ 48/ 54\ 60 |66 |72 |78 |84 |90
\ l
7 |7 114 |21 |28 |35 |42 |49 \ 56/ 63\ 70 77\ 84 / 91 |98 |[105
8 |8 [16 |24 |32 |40 |48 |56 Y 64" | 72 \80 / 88 \ 96 / 104\ 112/ 120
9 |9 |18 |27 |36 |45 |54 |63 |72 |81 90/ 99 108/ 117 12(7 135
10 |10 |20 |30 [40 [50 |60 |70 |80 |90 [100"| 110 \12(1 130 14? 150
11 |11 |22 |33 |44 |55 |66 |77 |88 |99 |[110 [121 &3? 143 1511 165
12 |12 |24 |36 |48 |60 |72 |84 |96 |108 | 120|132 | 144 | 156 \16f3 180
13 |13 [26 |39 [52 |65 |78 |91 |104 | 117 | 130 | 143 | 156 | 169 118 195
14 |14 |28 [42 |56 |70 |84 |98 |112 | 126 | 140 | 154 | 168 | 182 | 196 | 210
15 |15 [30 [45 |60 |75 |90 |[105 | 120 | 135 | 150 | 165 | 180 | 195 | 210 | 225
A2 showsY Y Y T°Y. We can us€3.1] and[4.3] to break this down:
Y Y Y Y Y Y

y ny -~

YO YU oY

<Y p @Y WY p, 1 . 1. 836
which is shown immediately b&3.
Note the identity derived in red: 1 4. 1. [37]
Alalso shows 1. 1. 4. . [38]
The corresponding relation Bl is 1. 4. 1. . [3.9]

B2 shows the relation’Y  "Y"Yhwhich generalises to:

{« 448310

17



Here are alternative figures f{#.8], [3.9] respectively, emphasising symmetry:

Redrawing our canonical figure like this:

n 1

n

we have the identity 4. 4 q..[811]

We can derivét algebraically like this:

o Y
0 Y Y
0 Y Y
VR

¢'Y.Wenotethat”y ¢ ¢ p has been known, following Aristotle, apnic number. (Nelsen
calls it anoblongnumber.)

Thefollowing diagram illustrates the identity A A 4 B2

18



Ts, 1
/ =\
We can use eith¢8.6], [3.7], or[3.8], [3.9] to deriveq. 4. 4. 1 . .[313]

In the following figures we dissect the triangle in a numbeliféérent ways, always observing rotation
symmetry. In the first row we use trapezoids. Note how we tdplent the overlap region in the middle
case. In the second row we use line numbers but we have notated them as trapezoids one row thick.

3Trmn  [3.14] 3T7on41m41+ 1 [3.20] 3TTomi1n  [3-26]
3(T2n - Ttn) [3'15] 3(T2n+1 - Tn+1) +1 [3'21] 3(T2n+1 - Tn) [3-27]

3(S.+1T,) [3.16] 3(Sn+Th1)—2  [3.22] 3(Tn + Snt1) [3.28]
3(Th_1 + 2T,) [3.17]  3(Tuc1 + T+ Tnpa) — 2 [3.23] 32T, + Tny1) [3.29]

16



9 . L [3.18] 1. A . [3.24] 4 . 1> 5 [3.30]

J J J J J J J J J
1 q 1. 1319 4. 1. A 8 4 q 1. [331]

() Square triangle numbers

Ofinterest s t he question 6When is one triangl e numb
one triangle numbdwiceanot her 26 (The foll owing derivation

Exchange 29.12.16.)
VALY
aa p cee p
A Ta Uye (e
cd p CCE p p (completing the square),
a statement of the form
0 ¢cb p, a Pell equation, whose solution sets a
The first 0 A pairs are (7, 5), (41, 29), corresponding to the respedive pairs (3, 2), (20, 14).

The bonus is that, potentially, we have answer
because, as the next figure shows, the condition="Y is equivalent to the conditicty QY.

We have:

o e v

Q a a p &€ a ph

Qa ¢ a p,

y Ry

The & Fe pairs above give us respectivély “YRY Y .

Tit1 = Sk

T i : —t
T~ ki1 | Ti1—1 = 2T,

Iy

Ty_i-1

(g) What about cubetriangle numbers?

2C



The number of triangle numbers which agriareds infinite but there are no cubes >The following
argument comes from Wolfram MathWorld.

We have:

Y O,

- 4

1€Ee p U ca

G¢ p qel p.

By a confirmed conjecture of Catalarmhich is therefore a theorertine only pair of perfect powers
differing by 1 ares and¢ so, uniquelyg &  p8

An aside: The conjecture was proved for all odd valueg®of p 8f, in place of ¢¢ p , we specify a
prime,a, and in place of¢ad we spedy a primec, and, in place of 1, we specify some integehe
Catalantheoremis established as follows.

e &€
E1E1E
e
e-
e

The right side can only be rendered as the two unequal factersich must equal the smaller bracket on
, qnob'o, which must equal the larger bracket on the left:

.-+
5
o)

1 D
=

The solutionc ¢would implyv&) phwhich is not a prime.
Hence the solutiom ¢ho ohw  p, which is unique.

Note alsad —— Y, the only prime triangle number.

(B) Numerical properties

(@)

The odd numbep divides every) integer on the number line.dpecting the factors in the numerator of
-

WE)
2)@3)
(3)(@)
EnpEn
eENenop
we see:

(i) that here too the odd numhedivides every) integer on the number line,
(i) thatp divides both'Y  and”Y ,
(i) thatp divides the second bracket in the numeratdivof and tte first in the numerator 6¥ .

We can use these three lemmas to solve problems of the following kind.

21



We are given six consecutive triangle numbers:
oYy o~ o~ y
and told that 5 dividesy and™Y . What can we infer?

If we were only told that 5 dividé&y hwe would be in doubt as to whett@r 1 was of the form
LE p, in which case 5 would divid&' , orug, in which case 5 would dividéY . But, since 5
divides™Y, and every triangle number divides by 5, we know that 5 dividés .

A more elaborate example:

We are given four consecutive triangle numbers under 150 and tasked with identifying them, given the
following information:

(1) 3 does not dividéy,
(2) 3 divides'y

(3) 5 divides'Y

(4) 11 divides'Y

Inferences:

From(1), (2) Since 3 divide§Y but not™Y, it must divideY . (5)

From(3), (5 0 v p wivides’Y .(6)

From(4), (6) If 11 dividedY aswellasY HY wouldbe pp puy

which is > 150, so it does ndf)

From(4), (7} since 11 divideSY but not”Y , it must divide'Y . Furthermore, it must be a divisor

of the smaller bracket in the expression™or |,

We haved 1 p @ The smallest solutio) ¥, gives a value fotY of 66, < 150.
The nextw p Ygives a value > 150.

ThereforeY @ @ ——, and we can derive from it the values required:

Y — Ly

Y — TV

uY - 0_ d‘p’

Y — qu

(b)

Continuing our analysisf the patterns revealed{a),it 6 s i nt e rh@ewswhénrcansidermg s e e

particular primesthe prime factorisation patterns of the sequence of triangle numbers compareseéth th
of the natural numbers. We can think of the comparison in two ways:

(i) the natural numbers sampled at positions 1, 3, 6, 10, ... :

the positiveintegers: ® ® ® ® ® © © & & © & & 0 ¢ © ¢ ¢ ¢ ¢ ¢ o ©
the triangle numbers: O (o] o (o] o (o]

(ii) theconsequences of the formwla— for the individual triangle numbers.

22



The figures following show how the powers respectively of 2, 3 and 5 appear. Notice:

(i) Compared with the factors of the natural numbers, every entry for an exponent > Oaatddjplithe
triangle numbers

(i) For an odd prim@, the number of consecutive entries for the exponent isp for the natural
numbers,n ¢ for the triangle numbers.

the natural numbers
T T e e e T T I I T S L

powers
of N
2 the triangle numbers

e © o © © o ¢ © © © o © © © © o o o o

the natural numbers

ooooooooooooooooooo

E RS

=
<
<

0e ¢ & 9 ©® ¢ o ¢ ¢ S ¢ o ¢ ¢ O o
° o s o o o ¢ o o ¢ o o ¢ powers 5124 |

of 5 the triangle numbers
o

s © © ©o © © © & o @ & © © o © & ©o o o

4
3
2
1
ol

R
<
°
©
<

(©

It's instructive to draw diagrams
showing sequences pértitions of
the triangle numbers into two parts:
Y OSY dYm i O
This equation serves for a number ¢
the i dent i Butwehavev
chosenin particular:

Y &Y 'Y [3.9and
8% gY Y [3.8].

In an equiteral triangle of side
lengthp, we entep at the apexq at
the left base vertex,at theright base
vertex, and the coefficienta andb
insidethose.

g andr in turn become the apices of
new triangles of the same kinthe
process terminates when the lgst
value is 1.




This dichotomy will always be possible sireeery triangle number suffix is either odd or even

In the figure for'Y below leftthe unit coefficients are natarked. V& have computed the total number of
“Ys by multiplying the relevant coefficients, vge totamust equalY 1 &The figure below right

makes the point that the position of tegontheef f
right when it isodd

[N

We need to show (see next figure) that the segmedioes not crosB B dhis Is equivalent to showing
thathy ® o E .

Sinceff —® N p — —
Sincef —® R p — —.
Sinceik —® I p — —
Thus® @ @ E - - - E i p i p

Now, our convention of putting the greatergefr, namelyq, on the left, ensures that, along a given edge
like B B, &ve cannot enamter t~wo consecutive cases wheredh93|gnresolves to av Osign. Thus, for
¢ cases (theminimump o @ E { p,ie.d® © @ E i, asrequired.

24



25



Because the tree is a
dichotomy, descending from
any given apey, the number
of daughter triangles goes up
as a power of 2. For example,

starting withn

p T Jwe

havethe breakdown and totals
shown in the table below.

Observing the structure, whichsthibutes the coefficient 3
to one side, 1 to the other, tttee number of daughter
triangles goes up as a powercof

If we define daughter trianglés the triangle with apex
numberp as belonging to the generation, granddaughte
triangles as élonging to the; , and so on, the total value
of all triangle numbers representegltriangle apices of the
same generation, is that of the apex triangle numige§o
we have the equalitiexf the kindshown in the third
column of the table below.

Number | Breakdown

of

triangles

in the

triangle

-gram
C 1(100)
C 1(50) 1(49)
C 2(25) 2(24)
C 2(13) 4(12) 2(11)
C

2(7) 8(6) 6(5)

True number of | Breakdown of Breakdown of
triangles apex values triangle
number
totals
C 1(100) Y
C 3(50) 1(49) oy Y =
C 10(25) 6(24) etc.
C 10(13) 48(126(11) etc.
C etc.

10(7) 180(6) 66(5)

Since a triangle number is either of the fastnor o€ p, descending from a given apgxll the way
down to the terminating vertices, those with apex value 1, the total number of those vertices must be a
number of one of the two kinds sincé  "Y'Y.

A more compact representation[8f8] and[3.9] partitions an equilateral triangle dajure iteratively.
Here for example iSY :

26



(d) Though we shall not prove thisjttvtriangle numbers, every equality is a special case of an identity
or a set of nested identities. Takif812 as our examplayhich is just a special case[Bf1], we have,
schematically:

Y Y 8% Y 'Y Y
[3.9

Y 8%

.,Y ) ..Y "Y "Y "Y "Y
[3.9 8.9

Y | oY | oY 'Y

Y | oY oY Y
[3.9 ") oY

Y [3.9

y
oY Y oY Y

In aspecial casef identity (i) in part(b), ® @ phsothat”Y “Y "Y.Note that the right de is
symmetrical ing andr. We can form chains in this manner:

o« o N The triangle numbers between the lines
’ appear as trapezoids.

T3
The algebraic symmetry allows us to write
the same equality in two ways, for exampl

Ts

L[] ] L] ] '] ° ® T "Y uY‘l Fl "Y,
L ] L [ ] L] L] L] L ] L] Ts !IY "Y‘I ﬁ "Y.

If, in our equatioriY "Y "Y,andwe writenasfy ¢, "Y represents the difference between two
triangle numbers positions apart in the sequence of triangle numbers. We have:

“y

Here are theiffst few examples we encounter&s) range over the natural numbevkile satisfying the
above identity:

27



g=1 2 3 4 5 ¢ 7 & 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
®* e @ L @ e o L e e e e e o

T!, TLT, o e o e e e ° ° °
X 2 3 4 5 6
—0 o 9
2¢+3 2 ¢ *
5 - 8 1 9 R 11
:}({1+2) 3 *r~— [ o (5] *r—
12
10
5(¢+3) 5 NENE. — 1
9 14
32¢+7) 6 ¢ ° ° °
it 14 o
(qg+4) T Y °
(e)
If"Y Y “Y,oringraphicfoormd 0 'Yhwe can ask if thereds a ger

side of theequation into the other. This will not necessarily be the most economic dissection in terms of
the number of pieces but it will be universally applicable. The following iterative procedure fits the bill.
We use the Ostaircased6 for ms.

1. Lay RoverQ so that the resulting stepped
hypotenuse corresponds to thaPaf

2a. Make cutC1, producingtwo pieces
fromR'Y (ff or oO0f iYkXedo)
mf or Omoveabl ed) .

2b.Give'Y a halfturn about) .

3a. Make cutC2, producing two pieces
FromY %Y ,Y .
3.b.Give'Y a halfturn about) .

The algebraic symmetry tells us that
we can swa andR:

In the example illustrated, this marks the end of the procesB:dbdine is filled by pieces constituting
QandR.But in the general case, we must repeat stegpelb until this is achieveddere for examplare
the final stageinthecase) ¢t ¢h pp

28



Cy —»

® Rmmf

The validity of the method rests on the fact that, by means ofural about vertices or edge midpoints
of a square lattice, a given squérean be moved to coincide with a chosen sqBarywherem the
plane.

(f)

An investigation worth pursuing is the analogy between the Pythagorean trifitdsy , where the
general ternx representso in the identity,and the triangle triples)mh , wherex represents—.

This figurecharacterises the distinction:

q b

(0+a+Dp—a) = r(r+1) e+t =d

In the same way we can class cases among the Pythagorean triples, e.g. those where the hypotenuse a
leg differ by 1, we can class cases among the triangles, e.g. those distinguiahed/alpeof 1 on the
chartin part(e).

29



a

Y Foroddi p,putd —. ThenY Y Y.

b C
VAR v
r q p Fori p,puty Y p.ThenY 7Y Y.
ALY,

Whereas there is orset of parametric equations which produces all Pythagorean triples, for triangles we
need a separate set for each fypquiring fourparameters in alFailing that, here is a nomogram we can
use.

With thetwo solid linesfixed, we choosea positionfor the dashedine andadjustthetwo dottedlines
until the numberof dotsin the parallelogranequalsthe numberin the smalltriangle(shownby the big
dotsin thefigure beneath)We thenreadoff the numberof dotson the sidesof the smallertriangles x
andy, andof thelargetriangle,z, to give asolutionof Y “Y Y.

Herebs why it work

Readerwill seethatthetaskin figurate
termsis to find agnomonto atriangle
(thelargetrapezium)whichis itself
triangular.We mustbeableto dissecthis
trapeziuminto asmallertrapeziumanda
parallelogramanddissecthe
parallelograminto atriangleto which the
smallertrapeziumis agnomon.Thisis
whatthenomogramachieves.

Wehavex=u+v,y =u+w,z=u+V+w. By takingeveryu valueandeveryfactorisation'’Y 0 (
we generateall possiblesolutions.Thefigure belowshowsananalogousonstructiorfor the equation
Y Y Y, where"Y is thenth squarenumber¢ . Solutionsarerestrictedby the Pythagorean
condition,namely thegnomonto asquare’ isitself asquare’ if andonlyif X,y form theshorter
sidesof aright trianglewith integralhypotenuse. In thetriangularcaseby contrastwe havearangeof
obtuseangledtriangles.
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(g) Now considerfor comparisorsequencesf threeconsecutivenumbersof eachtype, squaresand
triangles.

We can show that three consecutive squares never sum to a square. LetY 7Y Y.
Forming a quadratic equationareads to:

w o ¢ ¢l A.
But® =0 or 1 (mod 3).
Therefore the equation has no solutiomieges.

Certainly3 consecutivérianglescan sum to aquare”Y Y Y "Y.Indeed, it turns out there is an
infinite number of such sets. The squarasare generated by this recurrence relation:

» p1d ® with starting valuesd phdo  ¢hid  yhd  p @Ve can usl.7]in the form
YUY Y oY p to find the triangles-or example:

pPw CQpPpOopCT P8

pCTIM—,

i i cTTmTm
r M

L — PV

giving’Y Y Y Y.
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We can find an infinite number of sets of three consectiiaegleswhich sum to driangle. Here are
the smallest two

YOU'Y Y oY p Y,
YO'Y Y oY p Y.

How do we find such setsy Y Y “Y?[1]

In the following figure we have drawn a triangle f¥rcontaining’y,”Y RY . For equality, it must be
the case that the regions of overtapn tothe central uncovered region. We can find the dimensions of
these from the figure, leading tite reduced equatioty Y Y Y . [2]

We have in effect converted a twamensional problem to adimensional one.

Entering new values in the
suffix of a term in2], we obtain
the old value as the suffix of the
correspnding term i1]:

we have:

i Ci p &
(2¢ Ce ai T.
Combiring the two equations
we have:

i € GG
€ cE ol v.

With starting values
i prke T,
this is the relation we require.

Here is a table of the first fewt pairs generated this way.

i € | & Using[3.23], we obtain the following equation, which the values
1 4 |18 116 produced by the recurrence relation must satisfy:
8 « 164134 |61 Y oY G L
34 |61 | 131 | 229 So we have for example these spe@fijualities:
131] 229 493 | 856 Y oY g,
Y oY <.

(h) The triangle numbers modulo 3

We have:
Y m(mod 3),
Y Y o p p(mod3),
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Y Y oc ¢ T1(mod 3).
So,modulo 3, the numbers just cycle like this:100100100...

We see this also from their figurate representation. Either there is a dot in the centre or there is not:

Tﬁ = 3T'I"4’2

T7 = 3T?"5’3 +1
(C) Algebraic properties

The form of the defining equatioflY ———, gives rise to interesting properties.

() Wehavet ¢ p (CVY,& & Y mt ——— "Ywil be atriangle number iff the
expression under the square root sign is a square. (We recodruose[B.6].)

(i) Sincenand € p are consecutive integers, they share no prime factors. If we are given a
reasonably smallY,sayp ¢ m¢ ¢ vsothag’Y ¢ o v, we can easily sort the products so
that one exceeds the otherby s v ¢ p; € p 8If, onthe other handy is large, we must
use(i).

(i) Chainingthe triangle numbers in a product so that the numerator brackets run consecutively, we
have
¢¢A ¢cbBb Y (Aand
¢¢ pA ¢ B Y (B _
Dividing (B) by (A), we have—" ¢¢ p B —.
To see why the product telescopes, we only have to spell out the product and obstagotiapattern
of cancellation:

\Tucpx SRS
U

P,
8 > - £ 8
P O T ® ¢ p w = °F

The producp then is a linear function of the number of termsy) € ¢¢ p.Notsoth& term,

<l <
<l <
<l <
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n & ——. Compare their respective grapfist © pas¢ © H.

/
/
2n+1

3 pn) =2n+1 3 . =
p(n) pit) q(n) a(n) 2n — 1

2 2

L ]
* .
1 e L L L L L L L L L L L L L L L L LD i
1 2 3 1 2 3
n n

The pronic numbes & & p is already near to a square. What happens if we take the square root?

We have i £ - - & 0. As¢ O H, 009 - The convergence is rapid
A (0.4996) (0.4999)
7 o " (0ams)
o (0.4992)
0.491

t = fractional part of

v 205 9m

0.48D

0.47

25 2T 2Ty 2Tw 2Tw 2T 2Taw 2Thw 2Tisso

255
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Given asetof integersspanningarangebetween squarashich contains a pronic numbgrwe take

square roots (here showm3 decimal places)ry p is the first number for which -, identifyingp.
40.530 .
40.520
40.510 <
Vs 40500
40.490
40.480 |
10,470 *
40460 .
..... 1637 1638 1639 1640 1641 1642 1643

§

We can show this as follows.

i Qi hHmwd H A Q p s asequence of consecutive positive integers. For a
particdar consecutive pair, ,i
=70 o0,

i Qo

wherek is the integer part) o the respective fractional partsof , &

fo -0 —, show that Ee ps8

Betweeni andi there will be a single numbéer QQ p .
i - - - o T - o,

l - - - o O -0

- 0 o0 -

- 0o (‘) -

For all the integers € thet value will be <-.
For all the integers i thetvaluewill be -.

This identifiesu uniquely as.

The result follows.
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Chapter 4

The Square
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(a) Forming the square]|.

The figureshows that we can characterise the
odd numbel as gnomon to a square, giving
theidentity

1k .81

The sum of the firsh consecutive odd numbers is therefore the sqiYarBut other runs of consecutive
odd numbers can also be squares. Where this is the case, the square isténat of a Pythagorean
triple:

We can show the run of odd numbers comprising the square in two ways by virtue of the commutative
law, hereay worasp ¢ U X. (Ingeneral, a square might be thus represented in more than two
ways. For examplgy ¢ canbe shown as a run of odd numbers in 5 ways. By contrgss ffrime, one

can show that only the sequence starting with 1 can sgm)to

(b) Greek gnomons;; 1

We shall call a sum of one or marensecutiveddd numbers &reekgnomon,’O"C; 8Particular

examples (variouglarranged) are the (parent) gnomon, grandparent and great grandparent gnomons
defined belowAs illustrated above, this is a difference of squaikées, Y & € a € ,a €8
(We include thecase ¢ p8 We canalso show the Greek gnomon as a rectangle:
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m m-+n

m —n

m—mn

The brackets have the same parity. Numbers which are the product of 2 and an odd factor cannot
therefore be Gek gnomons. Thee invalid numbersomprise the arithmetic sequence 2, 6, 10, ...,
¢ 0 M . The bllowing algebra shows that this sequence includes all sums of two odd squares:

o p cw p
T W W W q

CCd O O o p

CGQ p .

Thus two odd squares cannot sum to a Greek gnowiercan show graphically that the sum of two odd
squares tads the forng ¢’Q p :

Odd

Odd Odd

Fven

Odd
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"O'0 | divides by 4k. This is clear from the algebi@0 ; T1Q® TQ, also from the fact that the
mean othe ¢'Qconsecutive odd numbers added is an even number, so the total must have factor 4

As is also clear from theriginal figure, we can nest thick gnomons, so that, witha  £:

T MR T - [42]
(c) The gnomon and itsrelatives

As with the triangle, we can identify grandparents and great grandparents.

For the square, the grandparent can already be drawn to enclose the figure:

Gnomon (Parent) Grandparent Great — grandparent

The grandparent relation is: {- 4. .. [43]

As in the triangular casnote the rotation symmetry.

The greagrandparent relation is: {- £ .. 144

If we move the central square to the bottom left corner and pack the gnomons from uppér right,
appears as the mean of three consecutive odd numiderse total therefore is a multiple of 3. (Compare
the case 0f3.4].)

(d) Nested gnomons

The following dissection represents the identity

{. g 1. dlg [4.5]
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Chapter 5

The Centred Square,  {
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(a) Forming £

The centred squaretise sum otwo consecutive squares:

Sn—l Sn-

i‘r’fl—r
I T,
1. We begin with our squares.

2. We divide each into consecutive triangles, so we have:

L A P

We slide the green triangle bottom right to top left, and the lilac triangle bottom left to top right. We then
make the cuts shown by the dotted lines.

1. - [5.1]

3The net result is thedodentred. squaf5€d6 number
Thenext figure shows part of a tiled floor with a checkerboard pattern. If you turn your hitadtié

vertical, the two consecutive squares reveal themselves. Alongside, we see what happens when we
subtrac{2.2] from [3.6] (with change of suffices) . = [5.3]
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(b) Differences of centred squares

(i) From the defining algebra, we have:

6Y Y ¢ ®O O p.

The brackets have opposite parity, so one of them is positive and theexprdssion therefore has a
factor 4. This means that, if the right side of the equation is a perfect power, for example a square, the
square will be that of an even number.

We can say more.

CO OM O p o

» O p CO O -

Here is a selectioof values:

al|b

(@)

5
5
10
11
14

R OIN|A~
RO~
(@SN

NIClkPIWIFINS|S

The equivalent formula fad 'O 6 'O "Y differs only in the substitution of the coefficient 3 for 2.
The equivalent table starts:

NS S
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10| 7

12

34|31

Ql=Ql -

24

(i) In Chapter 8, section(c) (il we meet Dostor os

vy

v Y Y

Grouping terms, we have:

0°%Y 07
0% 07

Y
“Y . (This is the last example in the table above.)

(c) The centred square as a difference of two squares

We writed Y=

An instance

i® Y Y Y.Rearranging terms, we ha¢ Y Y

identity, the

"Y. The standard house brick

has edgesiithe ratio 2 : 3 : 6. The equation tells us that, with a unit of length so defined, the space
diagonal of a brick has integer length, 7.

(d) Identities

involving centred squares and other shapes

In the next figure we combine centreguars.
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CS3R

C'Snt1

As shown in the main figure,

Combining[5.4] and[5.5],

From[3.6] and[5.6]:

From[5.2] and[5.6]:

The upper inset figure shows that

The lower inset figure combines resybs?] and[5.3].

an identitypurely in terms of triangle numbers.

Here is a figure representifg.g]:

Sok+1

4, 8 [5.4]

4 . 8[5.5

1 . .56

i . g5.7]

1 . .58



3n + 2

.....

AP A
VY Y

PLTY A o

[\ :
200000
ner QIO
0161616161\‘\1(\‘;:):(‘ 0
CovoooooVlw

3

2n +1 1 n

Here is the same with a staircase representation. Alongside W& &de dissect the rectangle.

Tani2

Tonta

Tonya

- T To i Ten

.4 4. 4 4 A o
From[3.6] we have 'Y p Y
From [6.2] we have 4Y p 07Y
Whence Fl - 8[5.10]

The following figure shows this.
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The blue and white squares represefi¥ Each square is duplicated by a circle top left. Thé tdta
squares and circles is therefqi@ Y Each zigzag line connectsgé
bottom right, thece p
squares on the same diagonal, thereby demdingtithe identity.

(e) The centred square to different moduli

(i) Odd prime moduli

p objects. Moving top left to

In Chapter 3, section (h) we seew the triangle numbers cycle modud

SinceY

oy

“Yandd Y Y

Y, we can find the corresponding cycles Térando “Yby

successively adding consecutive pairs of valMés do this for a few prime moduli:

zigzag would require th& p dashed circles. These correspond to n
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There are two features to note.

First, the length of the cycle is the size of the modulossee why this is so, consider how the triangle
numbers are fornteandthe result of working mod 5:

G

<< <<<<<=<
<<<L<<<<Z
—

v
U p,<— start of new cycle
0]
v

Secondpecause of the two 0s at the end of the triangle ciywepalindromic form of thpart before
thempersists downwardgas the sequences lefttbe red lines

(ii)

Modulo 4

To this modulus, triangle numbers display a cycle of length 8, sqRaentred squares, 1:
“Y: 13223100..

"Y: 10101010 ..

o07%Y: 11111111 ..

To other even moduli it is also the case that the cycle length of the triangle numbers is a multiple of those
of the squares and centred squares. To modulo 6 the respective lengths are 12, 6, 3; to modulo 8, 16, 4,
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Chapter 6

The Centred Hexagon, F .
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(a) Forming F 3}

The next figure shows hotke centred hexagan "Ois constructed. It includes all the circles on or within
the¢ hexagonal ring, beginning with the central unit.

Anticipating[6.2], we see how theommon
formula can be dared from the figurate
formulag@’yY p.

GA‘A A”
RO
(AR
‘6}?@‘»@@

uces

(b) Identities involving centred hexagons and other shapes
In the next figure we combine centred hexagon numbers. Our unit here is a small hexagon.

We have immediately - 1. m - - 61

s

&’&’& |

Theinset figure like thatabove rightgives us . J|| , [6.2]
whence P 1. . [6.3

CH31L+2
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By considering the equatioiY

(We couk@ pvr 86609

We can represent this in figurate terms by maki2 p
see that the region representiiyg

bl

-

=

L

Tok+1)n+k

. st

=8

2 Tn

"GY ¢ we find this result generalises to:

I g 164

Toks1ynrk = (2k + 1)*T, + T

Wor ds 6.

2k + 1 Lﬂ
For an alternative dissectistne e Roger B. Nel sends own
J J J
1 1. 4. 8l65

[3.7] and[5.8] lead to

By considering the equatioiy Ny

white triangles;Y
which there aréY

1 -8 1

1g- & -

NY , we find this generalises to:

1 1. gl (66

Note that the common factor in the special cg&&], is spuriousBut note more significantly the
algebraic symmetryThis emerges from the following figuré&/e careithertake™Y to be the number of
hand”Y to be the number of blue triangl&¥Nor "Y to be a blue triangle, of
,and”Y to be a white triangle, of which there axe

the unit in terms of which we show. We
, exceeds the region representiqd2 p “Yby"Y:

di ssecti
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A different identity results if weeversehe size relations so that there are more of the bigger triangle.
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This is what Roger B. Nelsendoespn 99 of his OProofs without

4

- 1. Ay 1671

Nel sends i deasfollowsforgreemwe wriaela;ifos tkesotherp, producing

L PR T M VRN CR:)

We can use our original figure to interpret ti{aigain we need more of the bigger trianglEhjs time,
“Yis the count of triangles of typ®; “Y is the count of triangles of typ&

From[8.1] we infer "Y Y 0 , whence:
o~ ~
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Yo, 1 Al 4. 8 [6.9]
If nis odd,”Y has a factotY, so”Y 0 has afactor0 ;if nis odd,a factor O
Returning td6.3] and substituting frorfi3.6], we have 1. 4. 4..[610
From(5.2) and(6.2) we derive Fs r4 4. -[6.11]

Recallingthe firsttwo of the following identities and adding the last:

0°Y ¢¢¢ p p
00 c¢¢ p p
Y TEE p P

we have: F 3 il - 1z

The followingfigure illustrates thiswe have show "Oin terms of hexagons. Each hexagon has a red
dot at the centre. A circle with a mauve centre is centred on the upper left vertex of each hexagon. The
circles thus duplicate the hexagons and the number ofspliis hexagons, red dots plus mauve dots, is
¢0 "O. We partition these between the chevron on the left, encldging dots and the rhombus on the
right, enclosing “Ydots.

The dissectiomelowshows: F 3- 1. 4..16.13]
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When we come to consider CH numbers as
gnomons to a cube, we shall meet the 3
analogue of this identity.

The alternate hexagon= 3

We can derive from the centred hexagon, whose sides have equal leregibicengular hexagon whose
sides are of alternate lengtm, n We shall call this thalternate hexagon, symbol™Oy , & & 18
The following figure shows the sequence developed fici@ The symbol sequences includeiting
cases in order to illustrate the progressions.

(AH4,4) AHg3 AHg o (AHm,l)
Ty
o)
o 0%0 0%0
® o_e o_e o_e
e _o oO_e_e@ O e _e@ O e _e@
e _o o e _o _eo e _o o e o o
e © o o o o o _eo e o o o e o eo_eo
e o o e o _o O e o _ o o e o © o
e © © o o_0o o o e e o e O e _© e _eo _O
e _o o ® o o _oO e o o O e _ e _ e _Oo_oO
e o o o o _o o _o e o o e _ O o _ o _o _o _o0O
e _o o e o o O e e o O e e e O
e © o o o _o o _o e o o o e o o o
© o o 0%°0%e® 0%°e®e® 0%°e%e®
e o,e® ogoo ogoo
o
(CHy + 3Trs3) CH;+ 31735 CHy+ 3Tr;, (CHy+ 3Tr30)
Algebra confirms the identity instanced here: 1. 3 4. .[614
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By generalising the expressmim centred hexagons and trapezoidsying left to right as it weraye
find:

00 060 oY “Y , an wnecessanl complex expression.

If we move right to left, we can begin with a triangle and truncate it progresaivefiing in terms of
trianglesrather than centred hexagons and trapezaidslerive the simpler form:

00r Y oY

As with other 2parameter shapes, two different symbols can code the same number, For example,
0 Y oY 0G V.
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Chapter 7

The Tetrahedron, | g <

57



(a) Forming 4| g <

To make a tetrahedron, we stack triangl¥ss gnomon t6YQ 0 as, in two dimensions,
nis gnomon toy .
J J J
: . o 1w« . 3 w7
Alternatively, we may sectiothe packing in rectangular slabs:

On the multiplication squetheseappear on
a line perpendicular to the main diagonal
since the orange numbers are symmetrical
about it.

This dissection corresponds to the sum
YQo B & p Q

5 5 10 |15 |20 |25 |30 |35 |40 |45 |50 |55 |60 |65 |70 |75

6 6 12 |18 |24 |30 |36 |42 |48 |54 |60 |66 |72 |78 |84 |90

7 7 14 |21 |28 |35 (42 |49 |56 |63 |70 |77 |84 |91 |98 | 105

8 8 16 |24 |32 |40 (48 |56 |64 |72 |80 |88 |96 |104 112|120

9 9 18 |27 |36 |45 |54 |63 |72 |81 |90 |99 |108 117|126 | 135

10 |10 |20 |30 |40 (50 |60 |70 |80 |90 |100|110|120 130|140 150

11 |11 |22 |33 |44 |55 |66 |77 |88 |99 |110|121|132 143|154 165

12 |12 |24 |36 |48 (60 |72 |84 |96 |108 |120|132|144 |156 | 168 | 180

13 |13 |26 |39 |52 (65 |78 |91 |104 117|130 |143|156 |169 | 182|195

14 114 |28 (42 |56 |70 |84 |98 |112|126|140|154|168 |182 | 196 | 210

15 |15 |30 |45 |60 (75 |90 |105|120 135|150 |165|180 |195 210|225




(b) Its algebraic formula

A dissection demonstrating the geneoboRIobbsmwl &
Wordsd. There are two chiral s d¢otnakeaddongBientpainor ue
staircases. Notice how chl pairs match.

We fold one staircase on top of the other to make a cuboid having dimeh$ionsple  ¢8
The volume of thé tetrahedron is then 1/6 of this product.

For a twedimensional dissection, see that of Monte J. Zerger on p. 94 of the work cited above

(c) Gnomonicrelations
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We can also have gnomonic grpadens as we did in two dimensions.
The same figurgvhich illustrated the twalimensional casserves to distinguish the two possible
arrangementilere this time of spheres rather than disks.

Theresulting identity is 1mw< 4 4 dm< | m«l72

As in two dimensionswe can draw the gregtandparent enclosing the original figure. The identity here
is:

1

Tmw< d.

L R 1 m (7.3
We have used the identity Y Y oY p, which is[3.7] in disguise, but may be shown
in this form bythe following figure, where we see that the red cells exceed the blue cellg3bx} 1.

emergegrom omitting the middle triangle.

(d) The difference of two tetrahedra(the frustum of a tetrahedron, the general gnomon to a
tetrahedron)

“YQO  "YQads the sum of th& consecutive triangles, beginning with
The algebra yields this numberags & ®Qc¢d Q@ Q ¢ or
or'QY &Y "YQoHere is the frustum thus dissected:
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Note that, if we add back the empty piece, whictY@ pto complete the tetrahedrdviQ 6 hwe have, as
required, an expression symmetricaldandk: “YQo &Y QY &Y QY. The following
pictures bring out these relations. Note howaleangular slabs)Y , laid along the steps of the green
staircase(JYhconstitute a staircase of thewn, ¢3'Y.

(e) The divisibility of the sum ofk consecutive triangles

(i) Inspecting thdirst expression irfd), we see that, Kis a prime > 3, since it shares no factors with 6, it
must survive cancelling of the whole expression and therefore be a divisor of all stke®w$ecutive
squares

(i) If k contains the factors oro ,¢fo  p, the exponenta, b will fall by at most 1 on cancellation
with the 666 in the denominator, a@androcso a di vi

(i) Combining(i) and(ii), we conclude that, fqva prime > 3a, b>1,
¢ o ndividesthe sumaof o € rconsecutive triangles.
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Chapter 8

The Pyramid, |} « .»




(8) Forming |} « .»

To make a pyramid, we stack squares

e 4. . [81

These are shown in yellow on the multiplication square below.

We can compare the figures layer by layer.

As we had'Y Y Y, we have

Jm< dm<feris2

In terms ofthe multiplication square, and our dissection of the tetrahedron in rectangulafsibs,
requires us tadd the cellshownin orange and blubeneathThe column totals appear in the green cells
These also result from a different dissection of theupyd. In the coloucoded picture below we have
taken a corner pyramid and divided
it into L-shaped prisms. This
dissection corresponds to the sum

r‘ b2 it

Dwi B CQp e p Q

Compare this expression with the
corresponding
one for'YQo
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X 1 2 3 4 5 6 7 8 9 10 |11 |12 |13 |14 |15
1 1 2 3 4 5 6 7 8 9 10 (11 |12 |13 |14 |15
2 2 4 6 8 10 |12 |14 |16 (18 |20 |22 |24 |26 |28 |30
3 3 6 9 12 |15 |18 |21 (24 |27 |30 |33 |36 |39 |42 |45
4 4 8 12 |16 |20 24 |28 |32 |36 |40 |44 |48 |52 |56 |60
5 5 10 |15 |20 |25 |30 |35 |40 |45 |50 |55 |60 |65 |70 |75
6 6 12 |18 |24 |30 (36 |42 |48 |54 |60 |66 |72 |78 |84 |90
7 7 14 121 |28 |35 (42 |49 |56 |63 |70 |77 |84 |91 |98 |105
8 8 16 |24 |32 |40 (48 |56 |64 |72 |80 |88 |96 |104 112|120
9 9 18 |27 |36 |45 |54 |63 |72 |81 |90 |99 |108 117|126 | 135
10 |10 |20 |30 |40 (50 |60 |70 |80 |90 |100|110|120 130|140 150
11 |11 |22 |33 |44 |55 |66 |77 |88 |99 |110|121|132|143|154 165
12 112 |24 |36 |48 |60 |72 |84 |96 |108 |120 |132| 144|156 | 168 | 180
13 113 |26 (39 |52 |65 |78 |91 |104|117|130|143|156|169 | 182 | 195
14 114 |28 (42 |56 |70 |84 |98 |112|126 |140 |154|168 |182 | 196 | 210
15 |15 |30 (45 |60 |75 |90 |105|120|135|150 |165|180 | 195|210 225

The general formula emerges from this dissedb@ased on thdly ManKeung Siu, found on p. 77 of
RogerBNel senods 0 v
two congruent blocks, which inrufit together to make a cuboid with dimensiéms phce

The volume of th&é pyramid is then 1/6 of theroduct.
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Here is an alternative dissectidrhis is due to Dan Kalman and Martin Gardner and is founa @8 of
Roger B. NelseWdosdéBroofs without
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